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ABSTRACT
Finite-element analyses were applied to different ideal­
ized models of room-and-piliar mining systems to study the 
influence of location, width, and elastic modulus of barrier 
pillars on the stress concentration in the pillars.
A computer program was written to generate triangular 
elements and necessary data for the plane-strain finite- 
element computer program. Models of this study were limited 
to square rooms with long rib pillars having a width of one 
half that of the rooms. Analyses were made on the vertical- 
stress distributions in the pillars, under the assumption 
that the elastic limit of the elements was not exceeded.
Varying the number of rooms from 1 to 10 between two 
barrier pillars showed that as the number of rooms increased 
the stress concentration in both the barrier and rib pillars 
increased and reached an upper limit at 7 rooms.
Five models having seven rooms and barrier pillar 
widths of 2, 4, 6, 8, and 10 times rib pillar width were 
analyzed. The results indicated that when a barrier pillar 
is 8 times wider than the rib pillar, it has little or no 
effect on the stresses in the rib pillars.
Two similar models with different elastic modulus of 
the barrier pillars revealed that a 15 percent increase in
iii
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the barrier pillar elastic modulus decreases the rib pillars1 
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This thesis is a finite-element analysis of the stress 
distribution in the pillars, of a room-and-pillar mining 
system, due to the location, width, and elastic modulus of 
the barrier pillar. Because of the complexity of the three- 
dimensional problem, two-dimensional finite-element analyses 
are conducted on idealized models of room-and-pillar mining 
systems.
The room-and-pillar mining system, in which square or 
rectangular pillars are left for roof support, is the most 
common mining method in U.S. underground coal mines. This 
method is used in excavating underground storage and shelter 
areas, and is also used in mining other flat-bedded deposits 
such as potash, salt, oil shale, etc.
Design of any structure requires the knowledge of two 
important factors:
1. Strength and mechanical properties of the struc­
tural members, and,
2. Stresses and load conditions on these members.
Underground structures, particularly those that use a
room-and-pillar layout, also have the same two requirements. 
Because rock properties are generally determined in the 
laboratory on small intact specimens which have different
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characteristics than rock would under in-situ conditions, 
a failure criterion is required to relate the laboratory 
results to the in-situ conditions. Also, because of the 
unconformities and uncertainties in rock such as fractures 
and tectonic stresses, a safety factor should be provided 
when one is designing a mine structure.
A room-and-pillar system is essentially one structure, 
but because of its complexity, it may be divided into three 
substructures: (1) roof, (2) floor, and (3) pillars. Various
analyses have been conducted on the stress distributions 
around openings and in pillars in room-and-pillar layouts.
The stress analysis around underground openings are pos­
sible by two major experimental methods:
1. Photoelastic, and
2. Finite element.
Duvall (1948) has conducted the most valuable study on 
the stress concentrations around room-and-pillar systems by 
use of photoelastic models. He studied stress concentrations 
around rows of multiple openings having circular or ovaloidal 
shapes under uniaxial stress conditions.
The major results were as follows:
1. As the number of openings increases to 5 or more,
maximum stress concentration reaches an upper limit.
2. For large values of opening-to-pillar width ratio, 
say 75 percent recovery, the maximum stress concen­
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tration and the average stress concentration are 
nearly equal.
3. The maximum boundary compressive stresses occur 
on the pillar walls.
Panek (1951), studied the effects of the sharpness of 
the corners of the openings, opening-to—piliar width ratio, 
and inclination of the center line of openings with respect 
to the horizontal, for two openings. The conclusion was 
that critical tensile stress is reduced as the horizontal 
stress field is increased.
Blake (1966), has applied the finite-element method to 
analyze stress concentrations around a circular hole in a 
plate, and compared the results with classical Kirsh and 
photoelastic solutions. In addition, effects of faults and 
nonhomogeneities were considered.
Agarwal and Boshkov (1969), have studied the stress 
and displacement about a circular tunnel, located in a layer 
of soft material and surrounded by layers of hard material, 
for different values of the ratio of the height of the soft 
layer to tunnel diameter using a finite-element method.
Three different loading conditions were considered: 1, ver­
tical load only, 2, horizontal load at the hard materials, 
and 3, horizontal load at the soft seam only. By super­
imposing results of the three loading conditions, stress 
concentrations along the symmetry axes and around the tunnel 
were determined.
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This study consists of simulating the cross-sections 
of idealized room-and-pillar systems by finite-element 
models, and evaluating the influence of the geometrical and 
mechanical properties of the barrier pillars on the stress 
concentrations in the pillars under a biaxial stress field 
where the elastic limit is not exceeded.
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1. STATEMENT OF THE PROBLEM
Most room-and-pillar mining systems are generally devel­
oped as follows:
A series of main entries, cross entries, and panel 
entries is driven to divide the mining area into large pan­
els. Rooms are driven off the entries at right angles, and 
cross-cuts connect the immediate rooms. The remaining 
intact areas are called pillars. Barrier pillars somewhat 
wider than the rib pillars*, are left after a series of 
rooms. The general layout of an underground room-and-pillar 
coal mine is shown in Figure 1.1. Dimensions of the entries, 
rooms, and pillars in each individual mine depend on the 
local geological conditions, the strength of roof, floor, 
and pillars, the depth of mining, stress fields, and the 
type of mining equipment that is utilized.
Pillars remain in place to support overburden load and 
transfer this load to the floor. Overburden load is evenly 
distributed over an unmined area, but this load is redis­
tributed into pillars when rooms are mined. Distribution 
of the load on pillars and the stresses in each pillar
♦Here regular pillars are defined as 'rib pillars', and wider 
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1.1 General layout of an underground room-and-pillar 
coal mine
Aflrmm lakes u b r a k i
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depends on the size and arrangement of pillars or the layout 
of the room-and-pillar system.
In addition to their load-bearing function, barrier 
pillars are left for the following reasons (Holland, 1973):
1. [to] prevent ingress or egress entries from being 
overridden by major overburden collapse started 
in the mined-over area,
2. [to] protect entry pillars from being subjected 
to the high-stress area that usually surrounds 
mined-out or partially mined areas, [and]
3. [to] protect the mine against flooding....
The object of this thesis is to study the variations of stress 
distributions in pillars in a room-and-pillar mining system as 
a result of varying the following parameters:
1. Number of Openings Between Two Barrier Pillars.
Photoelastic studies (Duvall, 19 48), of the stress 
distribution around the rows of equally-sized, equally-spaced 
circular or ovaloidal openings in a biaxial stress field 
showed that stress concentrations increases with the number 
of: pillars. The maximum stress in central pillars approaches 
an upper limit and becomes constant as the number of open­
ings increases to five.
This study investigates the stress concentrations in 
the barrier and rib pillars as the number of openings 
increases. The finite-element method is used to obtain the 
stress distribution for models of the rows of square open­
ings in a biaxial stress field, and the results are compared 
with results of the previous photoelastic study.
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2. Barrier Pillar Width.
The stiffness, or load-bearing capacity of a pillar, K, 
is expressed as
K = ^  W, |L1)
where A, E, and H are the area, elastic modulus, and height 
of: the pillar, respectively. Also, W and L are the width 
and length of the pillar.
Equation (1.1) shows that an increase in the width of a 
pillar, with other variables remaining constant, increases 
its stiffness. This would indicate that wider barrier pil­
lars should sustain more load than narrower barrier pillars 
having the same height, length, and elastic modulus.
In order to study the influence of the width of the 
barrier pillars on the stress concentrations, finite-element 
analyses are applied to five similar models. The only dif­
ferences in the models are in the width of the barrier 
pillars.
3. Elastic Modulus of Barrier Pillars.
Experiments on the effect of fractures on the elastic
modulus of rock (Panek, 1970) showed that a decrease of 
modulus occurred with decreasing fracture spacing. Jaeger 
and Cook (1969) have theoretically studied this phenomena 
and derived a relationship between moduli of fractured and 
intact rocks.
Results of triaxial tests on different rocks have shown 
that the elastic modulus — ■ the slope of the strain-stress
T 1669 9
diagram —  increased when the confinement pressure was 
increased (Obert, 1964).
It has also been shown (Starfield and Fairhurst, 1968) 
that, due to confinement, the average horizontal stress in 
the center of pillars increases as the width of the pillar 
increases.
Because barrier pillars are wider than rib pillars, 
the percentage of fractures, due to excavation and weather­
ing, is lower in barrier pillars than rib pillars. Also, 
because of its larger dimensions, the influence of the hori­
zontal stress is higher in barrier pillars than in rib 
pillars as explained above.
It can be shown from the preceding arguments that the 
elastic modulus of the barrier pillar is slightly higher than 
the modulus of the rib pillars. To study the effect of the 
higher elastic modulus of the barrier pillars on the stress 
distributions, two similar models are analyzed which have 
different elastic modulus for the barrier pillars.
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2. FINITE-ELEMENT ANALYSIS
Recent technological advances have required more accur­
ate and rapid analyses of complex.structural systems. Gen­
erally, conventional methods of analysis are inadequate for 
complex structures; however, they are sufficient for simple 
structures. The finite-element method, which was introduced 
to provide such analysis, is based on matrix algebra and is 
ideally suited for high-speed digital computers. It could 
not have been developed without the sophisticated advances 
in digital computation which have occurred during the last 
two decades. The finite-element method, which was origin­
ally developed for use in aerospace structural design, is 
also used in other fields of engineering such as architecture, 
heat flow, hydrodynamics, and rock mechanics.
The main concept of the finite-element method is the 
replacement of the actual continuous (concrete) structure by 
a mathematical model built from finite (discrete) structural 
elements. The shape of the elements are usually triangular 
and quadrilateral for two-dimensional analysis, and tetra­
hedron for three-dimensional analysis. Elements are con­
nected to the adjacent elements at the corners by nodes or 
nodal points, and forces and displacements are transferred 
through the nodal points. The elastic and internal proper­
ties of each individual element must be known, and these
T 1669 11
properties can be specified in matrix form. The property 
matrices can be put together according to the rules derived 
from basic elastic equations to determine the overall prop­
erties of the concrete structure. Using the theory of con­
tinuous elastic media, analysis of the entire structure is 
carried out for the assembly of the individual structural 
elements.
Sizes of elements are arbitrarily specified by the 
analyst to define the mathematical model of the concrete 
structure. When the size of the discrete elements is infin­
itely reduced, the mathematical model behaves like the con­
crete structure. Decreasing the size of elements for a 
particular structure increases the number of elements, a 
number that is limited to the available memory of the digi­
tal computer. Therefore, there might be an optimum size of 
elements, so that analysis would give more accurate results.
Up to this time, finite-element analyses have been 
applied to solve two-dimensional, axi-symmetrical, and 
three-dimens ional problems.
2.1 Basic Theory of Finite Element
Detailed theory and derivation of the basic formula of 
finite-element analysis are available in the literature 
(Clough, 1960; Zienkiewicz and Chung, 19 67; Przemieniecki, 
1968; Desai and Abel, 1972).
Finite-element analysis is made possible by two comple­
mentary matrix methods of formulation;
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1. The displacement method (stiffness method), by which 
displacements are unknowns, and
2. The force method (flexibility method), by which 
forces are unknown.
Both methods follow two main steps: dividing the struc­
ture into discrete elements, and satisfying the conditions 
of equilibrium and compatibility.
To illustrate the displacement method, one can assume a 
cylindrical rod having constant cross section, A, length, L, 
and elastic modulus, E, under a certain load, P, in the 
direction of its axis at one end, and restrained at the 
other end (Fig. 2.1). Deformation of the rod, U, is deter­
mined by the following formula:
or load is expressed as
The constant K = AE/L is the stiffness coefficient of the 
rod, which is similar to the spring constant. Equation 
(2.3) is called the stiffness equation, and is expressed in 
matrix form as:
(2.2)
or P = KU
{P} = K {u} (2.4)
T 1669
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Fig* 2.1 One-dimensional element
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hi the above equation, if displacement were equal to 
unity the force and stiffness matrices would be equivalent.
One can assume another one--dimensional example consist­
ing of two rods having different properties (Fig. 2.2).
Xt is assumed that the above system is in equilibrium 
so that the algebraic sum of forces is zero and that there 
are no moments. The structure can be divided into two ele­
ments. Consider element I having properties A^, E^, L^.
When this element is restrained at nodal point (2), the 
force necessary to displace element I one unit at node (1) , 
eq. (2.2), is equal to tA^E^/L^, and the reaction at node 
(2) is equal to -A^E^/L^. In the same manner, the necessary 
force at node (2) for unit displacement at that point is 
equal to +AiE;i/Li' and. the reaction at node (1) is equal to
Note that positive displacement is in the direction of 
the applied force, and is not necessarily in the direction of 
the positive orientation.
The stiffness of the element I is expressed by the fol­
lowing equation: ARTHUR LAKES LIBRARY
•©LOR A DO SCHOOL OF MINES 
GOLDEN, COLORADO
"A1E1 -A1E11
Lt l "i -i"
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Fig. 2.2 Two one-dimensional elements
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By using the same procedure, stiffness of element II is 
expressed as follows:
1 -1ApEp
[k 2] ■ T 7 -1 (2.7)
The two stiffness matrices are added, and the result is 







- A 2E 2 A 2E 2
(2.8)
A  two-dimensional structure consisting of three elements 
having nodes 1, 2, 3 is shown in Figure 2.3. Loads and reac­
tions can be resolved into x and y components, resulting in 
6 load components and 6 displacement components (including 
zero). Then components of the loads and displacements can 




Fig. 2.3 Two-dimensional structure with three elements
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Because each node has two degrees of freedom, x and y 
direction, the stiffness matrix of each element is a square 
matrix of the order 4 x 4 ,  where in the one-dimensional 
element it was of the order 2 x 2 .  The overall stiffness 
of the structure, built up from three stiffness matrices of 
the members, is a square matrix of the order 6 x 6. Elements
of stiffness matrices can be determined by applying the 
unit—displacement method. When forces are known, the equa­
tion (2*4) can be solved to determine displacements as 
follows:
{P} = [K] {U} (2.9)
then [K]"1 {P} = [K]-1 [K] {u} (2.10)
or {U} = 'IK]-1 {P} (2.11)
where [K] is the inverse of the matrix [K].
Knowing deformations of the nodes, the strains and stresses 
of each element are determined.
For a structure consisting of many elements, the over­
all stiffness matrix is determined from individual stiffness 
matrices. It also is a square matrix of the order 2N x 2N, 
for two-dimensional structure where N is the number of nodes.
2.2 Plarie-Strain Analysis
The general problem in elastic theory is to determine 
15 unknowns: 6 stress components, 6 strain components, and
3 displacements. Such a determination requires 15 indepen­
dent equations, which have 6 stress-strain relations, 6
T 1669 19
strain-displacement relations, and 3 equilibrium equations.
The problem is simplified if plane-strain or plane- 
deformation condition exists. In this condition, displace­
ments of all points of a deformed body are in the planes 
perpendicular to an axis of the body. Good examples of the 
plane strain condition are long horizontal tunnels or ver­
tical shafts. These conditions can be expressed as follows:
1. Longitudinal strain, e , normal to the assumedz
plane of deformation (x,y) must be constant for all points,
3e /3z = 0 (2*12)z
2. Shear strains in the planes normal to the 
plane of deformation are zero,
"*xz "*yz (2*13)
When e =0, the six stress-strain relations are reduced to z
three relations and are expressed in matrix form as follows:
'ax ' 1 - V  V 0 “ fe 1X
V E“ (1+V)(l-2v) V 1-v 0 = < e ,y
r* 0 0 1—2 v Y
■ *X 2 J rxŷ
(2.14)
or {a} = [C] {e}. (2.15)
There are also three strain-displacement relations and two 
equilibrium equations. These are 8 such equations which 
can be solved to determine strains, stresses, and displace-
T 1669 2 0
ments provided the boundary conditions and elastic proper­
ties of the body are known.
2.3 Stress-Displacement Relation of Triangular Elements
Triangles are the most common plane elements in finite 
element analyses. One can assume that displacements vary 
linearly within the elements so that displacement functions 
can be expressed as follows:
where the six arbitrary coefficients C^....Cg can be deter­
mined from displacements of the nodes of the triangle (Fig. 
2.4) (Przemieniecki, 1968, p. 83). Thus displacements are 
expressed as follows:
is the displacement matrix of the points within the element,
(2.16)
U = C.x + Ccy + C c y 4 5-* 6
{U} = [Un ] {H} (2.17)
where








Fig. 2.4 Triangular element
T 1669 2 2
is the displacement matrix of the nodes. Three elements of 
the column matrix H , are determined as follows:
hi = 2A7r: [ykj(x-xj) - xkj(y-yj)]
123
where i, j, and k are cyclical indices equal 1, 2, 3, and 
A123 ~ X̂32^21~^32X21^^ = Area triangle,
and x.. = x.-x., and y.. = y.-y..I D  ij i j
Differentiating equation (2.17) yields the strain- 
di sp lacemen t re la ti on:
{e} = [B] {On} (2,21)
where (e) is the column matrix of the strain, and [B] is a 
matrix of the order 3 x 6 ,  dependent on the geometry of the 
element.
Substitution of equation (2.21) into equation (2.15)
gives the stress-displacement relation as:
\
[ff] = [C] [B] {un>. (2.22)
2»4 Stiffness of the Triangular Element
For a body under uniaxial stress, a, and strain, e, the
stored strain energy, W, is as follows:
W = / i ecrdv (2.23)
V  Z
where dv is the element volume. For plane strain, the stored 
energy is:
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Substituting equations (2.21) and (2.22) into equation 
(2.24> results in
W = / i  (U }T [B]T[C] [B] {U } dv. (2.25)
V  2 n n
Since {Un} does not vary with respect to the volume of the 
element, the above equation is rewritten as follows:
w = T  tUr,>T (/[B]T[C][B] dv) (U }. (2.26)2 n y  n
Work done on an elastic structure is equal to the stored 
strain energy, thus
W = i {U }T {P} (2.27)
z n
where {P} is the column matrix of the forces on the nodal 
points. Equating equations (2.26) and (2.27) results in:
{Pl = (/[B]T[C][B] dv) {0 } (2.28)
V  n
Comparing equations (2.4) and (2.28) yields the stiffness
matrix of the element as:
m ARTHUR MKES LIBRARY
[K] = /CB] [C][B] dv G3LORADO SCHOOL OF MINK (2 . 29 )
V  GOLDEN, COLORADO
For a two-dimensional element, the matrices, [B] and 
[Cl, do not vary with respect to its volume, and because 
for a triangle, the integral of dv is equal to its area, A, 
the stiffness of the triangle is determined as:
M  = [B]T[C][B] A. (2.30)
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3. APPLICATION OF THE FINITE-ELEMENT 
METHOD TO THE PROBLEM
The author has prepared a computer program (suitable 
to the problems that are involved) which generates triangular 
meshes of the idealized model of room-and-piliar openings. 
Stress analysis was accomplished by the use of a two- 
dimensional plane-strain program which was available to the 
author (Wilson, 1962).
3.1 Mesh—Generating Program
Manual preparation of the input data is the most time- 
consuming part of the finite—element analysis. In addition 
to information cards, every node or element requires one 
data card, so that hundreds of cards must be punched for 
every analysis. Thus the possibility of errors is great.
To avoid these errors and save time, an automatic-mesh- 
generating program is needed. Many such programs have been 
prepared, but these programs are limited to solids, and 
solids with single openings (Doherty and others, 1969;
Wilson, 1969), or quadrilateral elements (Wang and others, 
1971) .
Since the program listings were not available, or the 
type of elements was not suitable to the finite-element
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program which uses only triangular elements, the author has 
written a computer program, MODEL (see Appendix 1.1), in 
FORTRAN IV that produces the necessary input data for the 
finite-element analysis program used in this study.
3.1.1 Idealization of the Room-and-Piliar System 
The plan of a room-and-pillar mining panel having seven 
rooms: between two barrier pillars is shown in Figure 3.1. 
Equal-sized rooms are assumed between equal-width rib pillars. 
Pillars are assumed long compared to their cross-sectional 
area, so that two-dimensional plane-strain analysis can be 
applied. The vertical cross-section of the panel at center 
line (X-X) is shown in Figure 3.2.
The horizontal plane passing through the mid-height of 
the seam is one plane of symmetry. The vertical planes 
passing through the center line of the panel (P-P) and center 
lines of the barrier pillars (Y-Y) and (U-U) are also planes 
of symmetry (Fig. 3.2) . The symmetry axes divide the panel 
into four similar blocks. The MODEL, program generates a 
proper triangular mesh for the upper left block of the 
idealized panel for the finite-element analysis (Fig. 3.3).
3.1-2 Description of the MODEL Program 
The input data of the program are as follows:
Arthur lakes library


























































RM Width-to—height- ratio of the rooms,
PL Width-to-height ratio of the rib pillars,
KBP Width ratio of barrier pillar to rib pillar,
NPh Number of rib pillars in the panel (which is
one less than the number of openings),
NDR Number of divisions on the roofs,
NDP Number of divisions in the rib pillars,
NDW Number of divisions on the top half of the wall
of the pillars, and
NY Total divisions on the side of the model.
The MODEL program, which assumes unit thickness for the 
seam, reads the above mentioned data and generates a rec­
tangular grid of the upper left block for the model, as 
shown in Figure (3.4), and assigns the nodal points at the 
corners of the grid.
Every rectangle of the grid is divided by one of its 
diagonals into two triangles which are the elements. To 
have symmetry over each room or pillar, the values of the 
NDR, NDP, and NDW have been chosen as even numbers. Also 
two symmetrical types of column triangulation (Fig. 3.5) are 
used, one by one columns, by calling subroutines TRANG 1 
and TRANG 2 (see Appendices 1.3 arid 1.4), respectively.
The numbering of the nodal points runs from bottom to 
top on each vertical line, and from left to right (Fig. 3.6). 
A counter-clockwise numbering of the three nodal points, 















Type 1 Type 2
Fig. 3.5. Types of triangular elements
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element (Fig. 3.5). Also, the numbering of the elements 
progresses from bottom to top in each column, and from left 
to right by column (Fig. 3.7).
Boundary conditions are established to restrain the 
nodal points at the sides and bottom of the block so that 
symmetry axes of the panel remain at the same positions 
and orientations. However, the nodal points are free to 
move along these axes of symmetry.
It is also assumed that the block is under a unit ver­
tical stress-field due to the overburden load. Weights of 
the individual elements are not considered because they are 
very small with respect to the overburden load. The vertical 
stress field is applied as concentrated load at the uppermost 
nodes by calling subroutine SUBLDl (see Appendix 1.2). This 
vertical stress-field and the restraints at the boundary of 
the block produce a horizontal stress component in the block, 
which in an undisturbed area is determined by the following 
equation (Obert and Duvall, 1967, p. 474):
= cv (I^7)
where is the horizontal component of stress, av is the ver 
tical stress field, and v is the Poisson's ratio of the 
material.
Elastic properties of the host rock (ERF, XURF), bar­
rier pillars (EBP, XUBP), and rib pillars (EP, XUP) are 
read from the data file and assigned to the proper elements.




















A plotting subroutine MSHPLT (see Appendix 1.5), is 
celled to plot the generated mesh. This plot checks the 
correctness of the produced data* Also the data are stored 
in a file for later use by the finite—element program.
3.2 Stress Analysis
A two-dimensional plane-strain finite-element computer 
program using triangular elements (Wilson, 1962) was used 
to analyze stress distribution. Generally, this program is 
based on the stiffness method and solves the resulting 
simultaneous equations by the iteration method. For details 
of the program, the original literature is suggested (Wilson, 
1962). This program was adjusted for this particular study 
and referred to as FINITE (see Appendix 2.1).
The FINITE program is capable of processing the gener­
ated data of the MODEL program. The program prints the data 
to check the input data. Stiffness of each element and 
overall stiffness of the model are computed and then dis­
placements of the nodal points regarding boundary and load 
conditions are calculated by the iteration method. Stresses 
within elements are calculated from these nodal displace­
ments by the use of equation (2.22). Also, principal 
stresses and their deviation are calculated and printed. 
Weighted-average stresses of all the elements around each 
nodal point are calculated and printed as nodal stresses.
Also, a plotting program, PSPLT1 (see Appendix 2.2),
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was: added to the FINITE program to plot principle stresses 
at the nodal points. The plots show the significance 
and orientation of the principle stresses at the nodal 
points.
3.3 Computer Facilities
The installed digital computer at the Colorado School 
of Mines is a PDP-10 Dec system* having 60 K-Cores memory. 
Only 40 K-Cores of the memory are available to the users. 
Because of the limitation of the memory, the number of 
elements is limited to 560. The use of the computer is 
facilitated by remote time-sharing Teletypes.* Also, an 
electromechanical drum plotter, Houston DP-7*, is associated 
with the computing system.
♦Reference is made to facilitate understanding and does not 
imply recommendation.
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4. RESULTS AND DISCUSSIONS
Because of the limitations of the computer at the 
Colorado School of Mines and the limited available time to 
each user, only 15 models were analyzed. To study the three 
previously specified variables on the similar models, the 
following parameters of the MODEL program were constant for 
all the models.
RM = 1.0 width-to-height ratio of the rooms,
PL = 0.5 width-to-height ratio of the rib pillars,
NDR = 4 number of the divisions on the roofs,
NDP = 2 number of the divisions in the rib pillars, 
NDW - 4 number of the divisions on the top half of 
the pillar,
NY - 11 total divisions on the side of the models,
ERF - 5 elastic modulus of host rock,
XUKF = 0.25 Poisson* s ratio of host rock,
BE = 1 elastic modulus of rib pillars,
XUP = 0.30 Poisson*s ratio of rib pillars,
XUBP = 0.30 Poisson*s ratio of barrier pillars.
The values of the NPL (the number of pillars), KBP 
(barrier-to-rib-pillar width ratio), and EBP (barrier- 
pillar-^to-rib-pillar elastic-modulus ratio) were variable 
and are given in each case.
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Values of RM and PL limited the models to square open­
ings (rooms) with rib pillars as wide as one-half the room 
width* Thus, the extraction ratio for an infinite number 
of openings is (Obert and Duvall, 1967, p. 540)
which is a realistic extraction ratio for many underground 
mines operating in the United States (Robinson, 1973).
The purpose of this thesis was to study the stress dis­
tribution in the barrier and rib pillars for the three pre­
scribed variables. The associated computer outputs are too 
numerous for presentation in this thesis. Therefore, only 
outputs of the nodal-point stresses of the pillars and the 
principle-stress plots for a few of the models are given in 
the proper sections as examples. Also, plots of the models 
and nodal-point numbering are associated with every output.
As the ultimate capacity of the computer was being 
used, it was not possible to have a larger program to deter­
mine the maximum values of the principle stresses. There­
fore, these maximum values were determined by manually 
searching the computer printouts. Principal stresses in the 
pillars were almost horizontal and vertical in orientation. 
The maximum values of the principle stresses always occurred 
at the quarter height of the pillar on the side that faced 
the center of the panel. To have the same basis of interpre­
R 1 + 0.5
1 0.666 (4.1)
T 1669 39
tation in all the cases, only the vertical stressdistribu­
tions at the quarter—height sections were considered.
The average stress at each section was assumed equal 
to the stress due to the total load on the total area of 
the section which can be expressed as follows:
^ E  V 2a = — rar— ----- (4.2)
n-2 a
where is stress at the ith point and d^ is the distance
between the (i-l)th and ith point.
When the points are equally spaced, which they were in
these analyses, equation (4.2) is simplified to the following:
o 4*2 (u1+a9+... ■•+(? 1) +0o ± z n—± na = 2n (4.3)
It is necessary to note that finer elements would give 
slightly different but proportional results? thus the con­
clusions would be the same (Desai and Abel, 1972; p. 173).
4.1 Number of Openings
This portion of the study examined models with differ­
ent numbers of openings (rooms) with the remainder of the 
models1 characteristics remaining constant.
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4.1.1 Results
Ten models having the number of openings equal to 
1,2...10 were produced with the barrier-to-rib-pillar width 
ratio equal to 6. Computer printouts of the finite-element 
analyses on the individual models were obtained. Values of 
the maximum stress and average stress for each pillar were 
determined as stated previously and tabulated in Table 4.1. 
Printouts of the nodal stresses for the models having 4, 7, 
and 10 openings are given in Tables 4.2, 4.3, and 4.4, 
respectively. Also, plots of principal stresses of these 
models are shown in Figures 4.2, 4.4, and 4.6, respectively. 
From Table 4.1 the highest values of the maximum vertical 
stress occur at the central pillars. Figure 4.7 shows the 
relationship between these maximum stress concentrations and 
the number of openings. Also, maximum stress concentrations 
ah the barrier pillars for the various number of openings 
are shown in Figure 4.8. arthur lakes LlBRARi
, , , n . ■ COLORADO SCHOOL OF MINE*
4 .1 .2  Discussion •»  gotDEN. COLORADO
Figure 4.7 shows that the maximum stress concentrations.
in the rib pillars asymptotically approaches an upper limit 
of 3 as the number of openings increases. For example, when 
the number of openings is equal to 5, maximum stress concen­
tration is 17 percent less than the upper limit, and when
the number of openings is equal to 7, the maximum stress
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Nqdal Stresses in the Pillars of a Model With NPL=3, KBP=6, EBP=1.
BTODAL X-STRESS Y-STRESS XY-STRESS MAX-STHESS MIN-STRE5S DIRECTION
1 -0 .657 -1 .665 0.000 -0 .657 -1 .665 0 .000
2 -0*662 -1 .664 -0.005 -0 .662 -1.664 0.287
3 -0 .671 -1.655 -0.005 -0.671 -1 .655 0.263
4 -0 .687 -1 .644 -0 .012 -0 .687 -1 .644 0.693
5 -0 .6 3 9 -1 .626 -0 .017 -0 .639 -1 .627 0. 976
12 -0 .648 -1 .674 —0.006 -0 .648 -1.674 0.353
13 -0 .6 4 9 -1.667 -0.011 -0 .649 -1 .667 8.633
14 -0 .665 -1.661 -0 .022 -0 .664 -1.661 i . 260
15 -0 .6 8 0 -1 .642 -0.027 -0 .679 -1 .643 1.619
16 -0 .624 -1 .631 -0 .032 -0 .623 -1 .632 1.806
23 —0.606 -1.697 -0 .015 -0.606 -1 .697 0.787
24 -0 .617 -1 .694 -0 .028 -0 .617 -1.695 1 . 4 6 3
25 -0 .636 -1 .680 -0 .048 -0 .634 -1 .682 2 . 6 1 4
26 -0 .6 6 8 -1 .660 -0•066 -0 .663 -1.664 3 . 7 6 6
27 -0.631 -1 .634 -0 .070 -0 .625 -1 .639 3 . 9 7 2
34 -0 .535 -1 .736 -0 .027 -0 .534 -1 .737 1 . 270
35 -0 .540 -1 .726 -0 .049 -0 .538 -1 .728 2.350
36 -0 .586 -1 .708 -0.095 -0 .578 -1 .716 4.810
37 —0.636 -1 .669 -0 .117 -0 .623 -1 .682 6.359
38 -0 .60 6 -1 .640 -0 .128 -0.591 -1 .656 6.975
45 -0 .393 -1 .790 —0.046 -0 .392 -  1 * 7 91 1.890
46 -0 .426 -1 .774 -0 .084 -0.421 -1 .779 3 * 5  5:3
47 -0 .484 - 1 .755 -0.149 -0 .467 -1 .772 6 . 6 1 8
48 -0 .588 -1 .712 -0.211 -0 .550 - 1. 75 1 10.297
49 -0 .646 -1 .644 -0.211 -0 .603 -1 .687 1 1 . 4 6 : 6
56 -0 .211 -1 .773 —0•049 -0 .210 -1 .775 1. 800
57 -0 .235 -1 .802 -0 .109 -0 .227 -1 .809 3.950
58 -0 .324 -1 .790 -0.215 -0 .293 -1.821 8 .  189
59 -0 .448 -1 .744 -0 .319 -0 .374 -1 .818 13.097
60 -0 .626 -1 .685 -0 .364 -0 .513 -1 .798 17.252
67 -0 .894 -1 .683 -0 .047 -0 .093 -1 .684 1.701
68 -0 .121 -1 .738 -0 .103 -0.115 - 1.744 3.614
69 -0 .208 -1.916 -0 .272 -0.165 -1.959 8.828
70 -0 .468 -2 .069 -0 .4  39 -0.355 -2 .182 14.372
71 — 0 * 840 -1 .648 -0 .589 -0 .530 -1 .958 27.770
Table 4.2 (Coirt.)
99 -0 .021 -2 .151 0.010 -0 .020 -2 .151 -0 .275
100 -0 .045 -2 .159 0.015 -0 .045 - 2 .  159 -0 .416
301 -0 .1 2 3 -2 .207 0.106 -0 .117 -2 .213 -2 .916
102 -0 .3 8 3 -2 .217 3.180 -0.365 -2 .234 -5 .556
103 —0.580 -1 .564 0.390 -0 .444 -1 .700 -19.191
118 -0 .0 2 7 -2 .179 -0 .0 0 0 -0 .0 2 7 - 2 .  179 0. 003111 -0 .033 -2 .174 0. 000 -0 .033 -2 .174 -0.001112 -0 .1 3 9 -2 .155 -0 .000 -3 .139 -2 .155 0 . 00 1
113 -0 .2 7 8 -2 .040 0.001 -0 .278 -2 .040 -0 .049
114 -0 .4 4 9 -1 .822 0.001 -0 .449 -1 .8 2 2 -0 .049
121 -8 .025 -2 .224 -0 .0 1 2 -0.025 -2 .225 0.322
122 —0 » 044 -2.211 -0 .015 -0 .044 -2.211 0.407
123 - 0 .  1 27 -2.281 -0 .107 -0 .122 — 2.286 2.839
124 -0 .3 8 8 -2 .269 -0 .180 -0.371 -2 .286 5.424
125 -0 .5 6 8 -1 .606 -0 .399 -0 .432 -1 .742 18.778
153 -0 .0 2 4 -2 .278 8.012 -0 .024 -2 .278 -0 .303
154 -0 .0 4 6 -2 .275 0.016 -0.046 -2 .275 -0 .415
155 -0 .1 3 0 -2 .3 3 7 0. 111 -0 .125 -2 .343 -2 .8 7 7
156 -0 .3 9 9 -2 .335 0. 188 -0.381 -2 .353 -5 .482
157 -0 .575 -1 .648 8.410 -0 .436 -  1.787 -18.703
164 -0 .0 2 8 -2 .268 0.008 -0 .028 — 2 * 268 -0 .194
165 -0 .0 3 4 -2 .263 0.003 —0.034 -2 .263 -0 .084
166 -0 .1 4 4 -2 .243 8.870 -0 .142 -2 .245 -.1.911
167 -0 .2 8 8 -2 .123 0.055 -0 .286 -2 .124 -1 .7 1 0













































































Nodal Stresses in the Pillars of a Model With NPL=6., KBP=6, EBP=1.
MODAL X-STRESS Y-STRESS XY-STRESS MAX-STRESS MIM-5TRESS DIRECTION
1 -0 .705 -1 .747 0.033 -8.785 -1 .74  7 0.800
2 —0.711 -1 .746 -0.005 -0.711 -1 .746 0 * 297
5 - 0 .7 2 0 -1 .736 -0.085 -0 .720 -1 .736 0.277
4 -0 .7 3 6 -1 .725 -0 .012 -0 .736 -1 .725 0.715
5 —0 .7 16 -1 .706 -0 .018 -0 .716 -1 .706 1 .063
12 -0 .6 9 5 -1 .757 -0 .007 -0.695 -1 .757 0 . 366
13 -0 .6 9 6 -1 .749 -0 .012 -0.696 -1 .750 0.655
14 -0 .7 1 3 -1 .743 -0 .023 -0 .712 -1 .743 1 .306
15 -0 .7 2 9 -1 .723 -0 .329 -0 .728 - 1 .  724 . 1 .676
16 -0 .6 9 9 -1 .710 -0 .034 -0 .698 * -1.711 1.923
23 -0 .651 -1 .7 3 3 -0 .016 -0.651 -1 .783 0.815
24 -0 .6 6 2 -1 .783 -0 .030 -0 .662 -1 .780 1.512
25 -0 .6 8 3 -1 .764 -0.051 -0 .680 -1 .766 2.703
26 -0 .7 1 6 -1 .743 -0 .070 -0.711 - 1 .  748 3.896
27 -0 .7 0 8 -1 .715 -0 .075 -0 .702 -1.721 4.228
34 -0 .5 7 4 -1 .827 -0 .029 -0 .574 -1 .827 1 . 308
35 -0 .5 8 0 -1 .815 -0 .052 -0 .5 7 7 -1 .8 1 7 2.428
36 -0 .6 2 9 -1 .796 -0 .102 -0 .620 -1 .805 4.958
37 -0 .6 8 2 - I .754 -0.125 -0 .668 -1 .769 6.561
38 -0 .681 -1 .723 -0 .138 —0.66 3 -1.741 7.396
45 -0 .4 2 2 -1 .886 -0 .050 -0 .420 - ! .8 8 8 1.939
46 -0 .4 5 8 -1 .869 -0 .090 -0 .452 -1 .875 3 . 6 4 2
47 -0 .5 2 0 -1 .848 -0 .160 -0.501 -1 .868 6.787
48 -0 .6 3 2 -1 .8 03 -0 .227 -8 .589 -1 .845 10.575
49 -0 .7 2 4 -1 .730 -0 .226 -0.675 -1 .778 1 2 . 1  1 6
56 -0 .2 2 7 -1 . 871 -0 .053 -0.225 -1 .872 1 .836
57 -0 .2 5 2 -1.901 -0 .117 -0 .244 - 1 .909 4 .028
55 -0 .3 4 8 -1 .889 -0.231 - 0 . 3 1 4 -1 .923 8 . 3 5 4
59 -0 .481 -1 .839 -0 .3 4 2 -0 .400 -1 .921 1 3 . 3 6 9
60 -0 .7 0 3 -1 .777 -0 .390 -0 .577 -1 .903 17.991
67 -0 .1 0 2 -1 .776 -0 .051 -0 .108 - 1 .777 1.735
68 -0 .1 3 0 -1 .8 3 4 -0 .1  10 -0 .123 - I . 84.1 3.680
69 -0 .2 2 3 -2 .026 -0 .292 -3 .177 -2 .072 8.972
70 -0 .5 0 3 - 2 . 1 9 0 -0 .472 -8.380 - 2 . 3 1 3 14.602




99 -0 .022 -2 .3 0 9 0.011 -0 .022 -2 .309 -0 .270
i m -0 .049 -2 .321 0.017 -0 .049 -2 .322 — 0.422
i0 i -0 .133 -2 .370 0. 1 16 -0 .127 -2 .376 -2.961
102 -0.417 -2 .384 0. 196 -0 .397 -2 .404 -5 .647
103 -0.671 -1 .681 0.423 -0.517 -1 .835 -19 .968
110 -0 .029 -2 .3 5 3 —0.000 -0 .029 -2 .353 0.000
111 -0.036 -2 .348 0 • 000 -0 .036 -2 .348 -0.001
112 -0.151 -2 .327 -0 .000 -0.151 -2 .327 0.000
113 -0 .304 -2.201 0.002 -0.304 -2.201 —0.066
114 -0.515 -1 .965 0.002 -0 .515 * -  1.965 -0 .060
121 -0 .028 -2 .415 -0 .014 -0 .028 -2 .416 0.332
122 -0 .048 -2 .397 -0 .017 -0 .048 -2 .397 0.408
123 -0 .140 -2 .477 -0 .  1 17 -0.134 -2 .483 2.855
124 -0.425 -2 .460 -0 .197 -0.486 -2 .478 5 .466
125 -0 .654 -1 .743 -0 .436 -0.501 -1 .896 19.340
153 -0 .026 -2 .537 0.013 -0 .026 -2 .537 -0 .292
154 -0 .052 -2 .540 0.018 -0 .052 -2 .548 -0 .422
155 -0.146 -2 .603 0. 126 -0 .  139 -2 .610 -2 .918
156 -0 .449 -2 .608 0.212 -0 .429 -2 .629 -5 .558
157 -0 .669 -1 .8 3 9 0.461 -0 .509 - 1.998 -19.108
.164 -0 .032 -2 .550 —0.000 -0 .032 -2 .550 0.000
165 -0 .039 -2 .543 0.000 -0 .039 -2 .543 -0.001
166 -0 .163 -2 .5  21 -0 .000 -0 .163 -2.521 0 . 000
167 -0.325 -2 .385 0.001 — 0.3  25 -2 .385 -0 .028
168 -0.517 -2 .131 0.001 -0 .517 -2.131 -0 .020
175 -0 .029 -2 .586 -0 .014 -0 .028 -2 .586 0.319
176 -0 .052 -2 .575 -0 .018 -0 .052 -2 .575 0.416
177 -0.149 -2 .65  3 -0 .126 -0 .143 -2 .659 2.874
178 -0 .453 -2 .643 -0 .212 -0 .433 -2 .663 5.482
179 -0 .663 -1 .868 -0.466 -0 .504 -2 .027 18.855
207 -0 .028 -2 .639 0.014 -0 .028 -2 .639 -0 .303
208 -0.054 -2 .637 0.019 -0.054 -2 .637 -0 .420
209 -0.151 -2 .708 0. 130 -0.145 -2 .714 -2 .895
210 -0.464 -2 .708 0.219 -0.443 -2 .729 -5 .512




218 -0 .033 -2 .634 -0 .000 -0 .033 -2 .634 0.000
219 —0.040 -2 .627 0.000 —0.040 -2 .6 27 —0.000
220 -0 .168 -2 .605 -0 .000 -0 .168 -2 .605 0.000
221 -0 .334 -2 .464 0 . 00 0 -0 .3 3 4 -2 .464 -0 .008
222 -0 .519 -2 .202 0 * 000 -0 .519 -2 .202 -0 .004
229 -0 .029 -2 .654 -0 .014 -0 .028 -2 .654 0.31 1
230 -0 .054 -2 .648 -0 .019 -0 .054 -2 .648 0.419
231 -0 .152 -2 .723 -0 .130 -0 .146 -2 .730 2.882
232 -0.465 -2 .718 -0 .219 -0 .444 -2 .739 5.490












































































Nodal Stresses in the Pillars of a Model With NPI.=9, KBP=6 , EBP=-1.
NODAL X-STRESS Y-STRESS XY-STRESS. MAX-STRESS MIN-STRESS DIRECTION
1 -0.715 -1 .748 0 . 000 -0.715 -1 .748 0 . 000
2 -0 .720 -1 .748 -0.005 - 0.720 -1 .748 0.303
3 -0 .730 -1 .737 -0 .005 -0 .730 -1 .738 0.284
4 -0 .746 -1 .726 -0 .012 -0.746 -1 .726 0.729
5 -0 .7 4 4 -1 .706 -0 .019 -0 .744 -1 .707 1.110
12 -0.705 -1 .759 -0 .007 -0.705 -1 .759 0.374
13 -0.706 -1 .75  1 -0 .012 -8.705 -1.751 0 .669
14 -0 .722 -1 .744 -0 .024 -0 .722 -1 .745 1.334
15 -0 .739 -1 .7 24 -0 .029 -0 .738 -1 .725 1.712
16 -0 .727 -1 .7  11 -0 .034 -0.725 -1 .712 1.999
23 -0 .660 -1 .785 -0.016 -0 .659 -1 .785 0.832
24 -0.671 -1 .782 -0 .030 -0.671 -1 .783 1.543
25 -0 .692 -1 .766 -0 .052 -0 .689 -1 .769 2.757
26 -0.725 -1 .745 -0.071 -0.720 -1 .750 3.978
27 -0.736 -1 .716 -0 .076 -0 .730 -1 .7 2 2 4.395
34 -0 .582 -1 .830 -0 .029 -0.581 -1.831 1 . 33 1
35 -0 .587 -1 .818 -0.0.5 3 -0.585 -1 .820 2.463
36 -0.637 - I .799 -0 .103 -0 .628 -1 .888 5 • 350
37 -0.691 -1 .757 -0 .127 -0.676 -1.771 6 .689
38 —0.708 -1 .724 -0 .139 -0.689 - 1.743 7.673
45 -0 .428 -1 .890 -0 .050 -0.426 -1 .892 1 . 967
46 -0 .464 -1 .874 -0.091 -0 .458 -1 .879 3.696
47 -0 .527 -1 .8 5 2 -0 .163 -0 .5 0 7 -1 .872 6.891
48 -0 .640 -1 .806 -0 .230 -0.596 -1 .850 10.750
49 -0 .752 -1 .7 3 2 -0 .229 -0.701 -1 .783 12.541
56 -0 .230 -1 .875 -0 .05  3 -0 .228 - 1.877 1 .859
57 -0.256 - 1.936 -0 .118 -0 .247 - 1.914 4.076
58 -0 .353 -1 .893 -0 .234 -0.318 -1 .928 8.459
59 -0 .488 -1 .843 -0 .347 -0 .404 -1 .9 2 7 13.542
60 -0 .732 -1 .781 -0 .394 -0.601 -1 .9 1 2 18.480
67 -8 .103 -1 .778 -0.051 -0.181 -1 .780 1.755
68 -0 .132 - 1.837 -0 .1  1 1 -0.125 - 1 .345 3.723
69 -0.226 -2 .032 -0.296 -0 .179 -2 .079 9.067
70 -0.51.0 -2 .198 -0 .473 I -0 .384 -2.324 14.751
71 -0 .992 - 1.756 -0 .638 -0 .6  31 - 2 .  1 18 29.546
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Table 4 .4 - (Cont.)
99 -0 .0 2 2 -2 .328 0.011 -0 .022 -2 .328 -0 .268
-0 .0 5 0 -2 .343 0.017 —0.050 -2 .343 -0 .424
i0 i - 0 .  135 -2 .391 0. 118 -0 .129 -2 .397 -2 .988
102 -0 .425 -2 .407 0.200 -0.405 -2 .427 -5 .705
103 -0 .7 1 3 -1 .697 0.430 -0 .55  2 -1 .858 -20.576
110 -0 .0 3 0 -2 .378 -0 .000 -0 .030 -2 .378 0.000
111 -0 .037 -2 .373 0.000 -0 .037 -2 .373 -0 .002
112 -0 .154 -2 .35  1 —0.000 -0 .154 -2 .35  1 0.000
113 -0 .310 -2 .224 0 • 002 -0 .310 -2 .224 -0 .073
114 -0 .545 -1 .984 0.002 -0.545 -1 .984 -0 .071
121 -0 .028 -2 .446 -0 .014 -0.028 -2 .446 0 .336
122 -0 .049 -2 .426 -0.017 -0 .048 -2 .426 0.410
123 -0 .143 -2 .509 -0 .119 -0 .137 -2.515 2.872
124 -0 .434 -2 .490 -0 .200 -0 .414 -2 .509 5.506
125 -0 .697 -1 .765 — 0.44 3 -0 .537 -1 .925 19.848
153 -0 .026 -2 .592 0.013 -0 .026 -2 .592 -0 .289
154 -0 .054 -2 .598 0.019 -0 .054 -2 .598 -0 .424
155 -0 .150 -2 .660 0. 129 -0 .143 -2 .667 -2 .944
156 -0 .463 -2 .668 0.219 -0 .4 4 2 -2 .690 -5 .612
157 -0 .718 -1 .880 0.474 -0 .549 -2 .049 -19.596
164 -0 .033 -2 .614 —0•000 -0.033 -2 .614 0 . 000
165 -0 .040 -2 .607 0.000 -0 .040 -2 .607 -0.001
166 -0 .168 -2 .5  84 -0 .000 -0 .168 -2 .584 0* 000
167 -0 .336 -2 .444 0.001 -0 .336 -2 .444 -0 .038
168 -0 .553 -2 .183 0.001 -0 .553 -2 .183 -0 .833
175 -0 .0 3 0 -2 .659 -0.015 -0 .030 -2 .659 0.325
176 -0 .053 -2 .646 -0 .019 -0 .05  3 -2 .646 0.417
177 -0 .154 -2 .728 -0V130 -0 .148 -2 .735 2. 885
178 -0 .4 6 9 -2 .716 -0 .219 -0 .447 -2 .737 5.510
179 -0 .712 -1.921 -0.481 -0 .544 -2 .088 19.248
207 -0 .028 -2 .749 0.014 -0 .028 -2 .749 -0 .2 9 7
208 -0.057 -2 .75  1 0.020 -0 .057 -2.751 -0 .423
209 -0 .158 -2 .822 0. 136 -0 .15  1 -2 .829 -2 .920
210 -0.487 -2.825 0.230 -0.465 -2 .848 -5 .5  62
211 -0.726 -1 .992 0.499 -0.553 -2.165 - 19.136
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Table 4.4 . (Cont.)
218 -0 .035 -2 .757 -0•000 -0.035 -2 .757 0.000
219 -0 .042 -2 .750 0.000 -0 .042 -2 .7 5 0 — 0.000
220 -0 .177 -2 .7  26 -0 .000 -0 .177 - 2.726 0.000
221 -0 .35  2 -2 .578 0.001 -0 .352 -2 .5  78 -0 .022
222 -0 .560 -2 .304 0.001 -0 .560 -2 .304 -0 .018
229 -0.031 -2.791 -0.015 -0.031 -2.791 0.318
230 -0.056 - 2 . 7S1 -0 .020 -0 .056 -2.781 0 . 4 19
231 -0.161 -2 .863 -0 .137 -0 .154 -2 .870 2.886
232 -0 .490 -2.855 -0 .230 -0 .468 -2 .877 5.503
233 -0.723 -2 .017 -0 .504 -0 .550 -2 .190 18.942
261 -0 .0 3 0 -2 .843 0.015 —0.030 -2.843 -0 .303
262 -0 .058 -2.841 0.020 -0 .058 -2 .842 -0 .422
263 -0 .163 -2 .91? 0. 140 - 0 « 156 -2 .924 -2 .904
264 -0.501 -2 .917 0.236 -0.478 -2 .940 -5 .530
265 -0 .730 -2 .058 0.514 -0.555 -2 .234 - 18.886
272 -0 .036 -2 .840 —0.000 -0 .036 -2 .840 0 . 000
273 -0 .043 -2 .832 0.000 -0 .043 -2 .832 -0 .000
274 -0.181 -2 .808 -0 .000 -0.181 -2 .808 0.000
275 -0.361 -2.655 0.000 -0.361 -2 .655 - 0 .0  10
276 -0.565 -2 .373 0.000 -0.565 -2 .373 -0 .008
283 -0.031 -2 .863 -0.015 -0.031 -2 .863 0.313
284 - 0 . 05 8 -2.856 -0.021 -0 .058 -2 .856 0.420
285 -0 .165 -2 .938 -0 .140 -0 .158 -2 .945 2.888
286 -0 .532 -2 .932 -0 .236 -0 .4  79 -2 .955 5.503
287 -0 .729 -2 .070 -0 .516 -0 .553 -2 .246 18.798
315 -0.031 -2 .880 0.015 -0.031 -2 .880 -0 .308
316 -0 .059 -2.876 0.021 -0 .058 -2 .876 -0 .421
317 -0 .165 -2.955 0. 141 -0 .158 -2 .963 -2 .894
318 -0.506 -2 .953 0.238 -0 .483 -2 .976 -5 .511
319 -0 .732 -2 .083 0.5 20 -0.555 -2 .260 -18.780
326 -0.036 -2 .867 0.010 -0 .036 -2 .867 -0 .199
327 -0 .043 -2 .859 0.004 -0 .043 -2 .859 -0 .089
328 -0 .183 -2 .835 0.089 -0 .180 -2 .838 - 1.928
329 -0 .364 -2 .680 0.070 -0 .36  2 -2 .683 - 1.740



























































Fig.  4 .7  Maximum s t r e s s  concentration in the r ib  p i l l a r  
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Fig .  4 .8  Maximum s t r e s s  concentration in the barrier  
p i 31 for  various numbers of openings.
T 1669 58
The difference between these results and the results of 
Duvall’s study (1948) , is due to the plane-strain conditions 
of the analysis? the Duvall study involved plane-stress 
models.
The average pillar stress, s’ , for an infinite row ofP.
rib pillars (Obert and Duvall, 1967, p. 537) is calculated 
as follows:
_ w + w
SP = - V — 2 v  <«•«>
* p
where Wp, WQ, and Sv are the width of the pillars, width of 
the openings, and vertical stress field, respectively. For 
this study the following values were used:
Wp = 0.5, WQ = 1, and Sv = 1,
thus, the average pillar stress is determined as follows:
S = °'l? * 1 = 3. p 0.5
The calculated average pillar stress is equal to the 
limit of the maximum stress concentrations as shown in Fig.
4.7. Thus it can be concluded that a design based on the 
average pillar stress (eq. 4.4) is on the safe side when 
the number of openings (rooms) is 7 or less. These results 
are in close agreement with previous photoelastic studies 
(Duvall, 1948). Fig. 4.8 shows that the maximum stress con­
centration in the barrier pillars reaches an upper limit 
which is equal to 2.2, when the number of openings is 7 or
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more. Also, average stress in the barrier pillars (Table 
4.1), approaches its upper limit of 1.8 as the number of 
openings increases to 7 or more.
Thus it can be concluded from these findings that there 
are no changes in the stress concentrations of the barrier 
pillars when the number of rooms is 7 or more.
4.2 Width of the Barrier Pillars
To study the effect of width of the barrier pillars on 
stress concentrations, models having different barrier-to- 
rib—pillar width ratios were produced, while the remainder 
of the geometry and elastic properties of the models remained 
constant.
4.2.1 Results
Five models having barrier-to-rib-pillar width-ratios 
of 2, 4, 6, 8, and 10 were generated. Each model contained 
seven number of openings. The vertiGal-stress distribution 
at the quarter-height section of the pillars for various 
widths of barrier pillars is shown in Figure 4.9. As 
examples, computer printouts of nodal stresses for the models 
having barrier-to-rib-pillar width ratios of 2, 6, and 10 are 
given in Tables 4.5, 4.3, and 4.6, respectively. Also, 
plots of principle stresses of these models are shown in 
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Nodal Stresses in the Pillars of a Model With NPL=6, KBP=2, EBP=1.
5AL X-STRESS Y-STRESS XY-STRESS MAX-STRESS MIN-STRESS DI RECTI 0!1 -0,213 -2.602 0.000 -0.213 -2.602 0.000
2 -0.28A -2.569 -0.040 -0.283 -2.5T0 1 .004
3 -0♦A 13 -2.5 22 -0.012 -0.413 -2.522 0.3394 -0.656 -2.419 -0. 119 -0.648 -2.427 3.854
5 -0.819 -2.248 -0.106 -0.812 -2.256 4.227
12 -0.162 -2.5 37 -0.027 -0.162 -2.538 0.643
13 -0.188 -2.546 -0.072 -0.185 -2.548 1 .748
14 -0.338 -2.511 -0.148 -0.328 -2.521 3*870
15 -0.532 -2.402 -0.253 -0.498 -2.435 7.567
18 -0.735 -2.265 -0.313 -0.673 -2.327 11. 133
23 -0.080 -2.433 -0.040 -0.079 -2.434 0.974
24 -0. 117 -2.481 -0.083 -0.114 -2.484 2.000
25 -0.231 -2.636 -0.266 -0.202 -2.665 6.23!
26 -0.572 -2.755 -0.443 -0.486 -2.842 I 1.049
27 -0.972 -2.099 -0.667 -0.663 -2.409 24.906
55 -0.028 -2.746 0.014 -0.028 -2.746 -0.295
56 -0.057 -2.749 0.020 -0.057 -2.749 -0.423
57 -0.159 -2.819 0. 137 -0.152 -2.826 -2.945
58 -0.493 -2.823 0.232 -0.470 -2.846 -5.624
59 -0.790 -1.994 0.503 —0.608 -2.176 - 19.937
66 -0.035 -2.757 —0.000 -0.035 -2.757 0.000
67 -0.042 -2.750 0. 000 -0.042 -2.750 -0•000
68 -0.178 -2.7 26 -0.000 -0.178 -2.726 0.000
69 -0.357 -2.577 0.001 -0.357 -2.577 -0.024
70 -0.608 -2.301 0.001 -0.608 -2.301 -0.034
77 -0.031 -2.791 -0.015 -0.031 -2.791 0.317
78 -0.057 -2.780 -0.020 -0.057 -2.781 0.418
79 -0.162 -2.864 -0.138 -0.155 -2.871 2.9 m
80 -0.497 -2.855 -0.232 -0.474 -2.877 5.561
81 -0.785 -2.019 -0.508 -0.603 -2.201 19.735
109 -0.330 -2.837 0.015 -0.030 -2.837 -0.304
110 -0.059 -2.835 0.021 -0.058 -2,835 -0.424
11 1 -0.165 -2.91 1 0.141 -0.157 -2.919 -2.934
112 -0.506 -2.91 1 0. 238 -0.483 -2.935 -5.601
113 -0.794 -2.055 0.5 18 -0.609 -2.24 1 - 19.706
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Table 4.5 - (Cont .)
120 -0.036 -2.833 —0.000 -0.036 -2.833 0 . 000
101 -0.043 -2.825 0 • 000 -0.043 -2.825 -0•000122 -0.183 -2.801 -0.000 -0.183 -2.801 0.000
123 -0.365 -2.647 0.000 -0.365 -2.647 -0.009124 -0.611 -2.365 0.000 -0.611 -2.365 -0.009
131 -0.031 -2.854 -0.015 -0.031 -2.854 0. 3 13
132 -0.058 -2.847 -0.021 -0.058 -2.847 0.422133 -0.166 -2.929 -0.141 -0.159 -2.936 2.920134 -0.508 -2.924 -0.238 -0.485 -2.947 5.577135 -0.793 -2.065 -0.5 20 -0.608 - 2. 25 1 19.627
163 -0.031 -2.87 2 0.015 -0.030 -2.872 -0.308
164 -0.059 -2.869 0.021 -0.059 -2.869 -0.423
165 -0.167 -2.948 0. 143 -0.159 -2.955 -2.928
166 -0.512 -2.946 0.241 -0.488 -2.970 -5.588
167 -0.797 -2.080 0.524 -0.610 -2.266 -19.608
174 -0.036 -2.862 —0.000 -0.036 -2.862 0.000
175 -0.044 -2. 854 -0.000 -0.044 -2.854 0 . 000
176 -0.185 -2.829 —0.000 -0.185 -2.829 0.000
177 -0.369 -2.675 0.000 -0.369 -2.675 -0.002
178 -0.613 -2.389 0 • 000 -0.613 -2.389 - 0 a 001
185 -0.031 -2.877 -0.015 -0.031 -2.878 0.318
186 -0.059 -2.87 2 -0.021 -0.059 -2.873 0.423
187 -0.167 -2.953 -0.143 -0.160 -2.960 2. 924
188 -0.512 -2.950 -0.241 -0.488 -2.973 5. 582
189 -0.796 -2.083 -0.5 24 -0.610 -2.269 19.586
JJWHUR LAKES UBRAR1 
















































































N o d a l  S t r e s s e s  i n  t h e  P i l l a r s  ©£ a  M o d e l  W i t h  N P L -6 , XBP-XQ, E B P -1 .
NODAL X -ST R E SS Y -ST R E SS  XY-STRESS MAX-STRESS. M IN -STRESS DIRECTION
1 -0.661 -1.398 0 « 000 -0.661 -1.398 3 • 0082 -0*660 -1.399 ®0.080 -0.660 -1.399 0.006
3 -0.658 -1.398 -0.082 -0.698- -1.398 0.0814 —0.653 -1.399 0.000 -0.653 -1.392 —0.028
5 -0.672 -1.397 -0.005 -0.672 -1.397 0.367
12 —0.660 -1.403 -0.000 -0.660 -1.403 0.022
13 -0.659 -1.402 -0•000 -8.659 -1.402 0.031
14 -0.657 -1.403 -0.081 -8.657 -1.403 0.058
15 -0.653 -1.400 -0.000 -8.653 -1.480 0.034
16 —0.666 -1.402 -0.001 -0.666 -1.402 0.255
23 -0.659 -1.414 -8.001 -0.659 -1.414 0.086
24 -0.658 -1.415 -0.001 -i .658' -1.415 0. 104
25 -0.657 -1.413 -0.882 -0.65 7 -1.413 0. 156
26 -0.654 -1.413 -0.082 -i.654 -1.413 0. 187
27 -0.670 -1.410 -0.803 -0.678 -1.410 0.217
34 -0.655 -1.436 -8.082 -0.655 -1.436 0.135
35 -0.654 -1.433 —0.083 -0.654 -1.433 §.223
36 -0.655 -1.433 -0.086 -0.655 -1.433 0.432
37 -0.654 -1.428 -i.806 -0.654 -1.428 §•437
38 -0.660 -1.427 -9.008 - 8.460 -1.428 0.562
45 -0.644 -1.465 -®.§§S -8.644 - 1 .465 0.318
46 -0.646 -1.465 -0 .837 -0.646 -1.465 0.49547 -0.649 -1.461 -§.012 -§.649 -1.461 0 • 834
48 -0.654 -1.456 - i . i i e -0.653 -1 .456 1.124
49 -0.662 -1 .448 - i . i l 7 -f.662 -1.448 1.267
56 -0.625 -1 .506 —§.§§8 -§.625 -1 .596 0 .591
57 -0 .625 -1.501 -§ .§13 —0.6  23- -1 .501 S.872
58 -0 .637 -1 .49 7 -§ .§26 -§ .636 -1 .4 9 7 1.724
59 -0 .647 -1 .484 - § .§ 3 t -§ .646 -1 .485 2.071
60 -0.645 -1.473 -§.§36 -§ .6 4 3 -1.477 2.473
67 -0 .582 -1 .558 -8 .019 —§.582 -1 .5 5 8 §.9® 7
68 -0 .592 -1.556 —§« §27 —§.591 — 1.356 U6<§4
69 -0 .609 -1 .543 -§ .§46 -§ .6§7 -1 .54 5 2.82®
70 -0.637 - 1.5 26 -§ .§63 -§ .633 -1 .3 3 0 4.8f 11
71 -0.647 -1 .503 — §.§66 —§.642 -U S 8 8 4.4®7
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Table 4.6- (Cont.)
78 -0.513 -1.623 -0.026 -0.513 -1.62479 -0.518 -1.613 -0.046 -0.516 -1.61580 -0.562 -1.596 -0.090 -0.555 -1.60481 -0.611 -1.560 -8.109 -0.598 -1.57282 -0.623 -1.531 -0.1 19 -0.607 -1.547
89 -0.378 -1.700 -0.045 -0.377 - 1.702
90 -0.411 -1.685 -0.080 -0 .406 - 1.69091 -0.467 -1.666 -0.142 -0.450 -1.683
92 -0.569 -1.625 -0.201 -0.533 -1.66293 -0.660 -1.558 -0.200 -0.617 -1.600
100 -0.204 -1.708 -0.047 -0.202 -1.789
101 -0.227 -1.735 -0.105 -0.220 -1.743102 -0.314 -1.724 -0.207 -0.285 -1.754103 -0.436 -1.678 -0.306 -0.365 -1.749
104 -0.640 -1.619 -0.350 -0.5 28 - 1.73 1
111 -0.093 -1.645 -0.046 -0.091 -1.646112 -0.117 -1.690 -0.099 -0.Ill -1.697
113 -0.203 -1.870 -0.264 -0. 163 -1.911114 -0.458 -2.010 -0.426 -0.349 -2.120115 —0 • 86 0 -1.603 -0.574 -0.547 -1.915
143 -0.020 -2.187 0.010 -0.020 - 2.187
144 - 0 • 04 6 -2.202 0.016 -0.046 -2.202
145 -0.125 -2.245 0. 1 10 -0.119 -2.250
146 -0.393 -2.262 0.186 -0.375 -2 . 280
147 -0.614 -1.593 0.399 -0.472 - 1.735
154 -0.028 -2.241 -0.000 -0.028 -2.241
155 -0.034 -2.236 0 . 000 —0.034 -2.236
156 -0.143 -2.216 -0.000 -0.143 -2.216157 -0.287 -2.097 0.003 -0.287 -2.097






















165 -0.027 -2.313 -0.014 -0.027 -2.313
166 -0.045 -2.292 -0.016 -0.045 -2.292
167 -0.133 -2. 372 -0.111 -0.128 -2.377
168 -0.403 -2.351 -0.186 -0.385 -2.369







197 -0.024 -2.463 0.012 -0.024 -2.463 -0 287
198 -0.051 -2.468 0.018 -0.051 -2.468 -0 421199 -0.140 -2.5 27 0. 121 -0.134 -2.533 -2 901200 -0.4 33 -2.534 0. 205 -0.413 -2.554 rS 517201 -0.613 -1.785 0.445 -0.463 -1.934 -18 600
208 -0.031 -2.482 —0.000 -0.031 -2.482 0 . 000209 -0.037 -2.476 0.000 -0.037 -2.476 -0.001210 -0.157 -2.455 -0.000 -0.157 -2.455 0 . 000211 -0.314 -2.322 0.001 -0.314 -2.322 -0.037212 -0.475 -2.076 0.001 -0.475 -2.076 -0.026
219 -0.028 -2.5 25 -0.014 -0.028 -2.525 0.322
220 -0.050 -2.512 -0.018 -0.050 -2.512 0.413221 -0.144 -2.590 -0.122 -0.138 -2.596 2.844222 -0.438 -2.578 -0.205 -0.418 -2.597 5.420223 -0.606 -1.822 -0.451 -0.457 -1.971 18.292
251 -0.027 -2.592 0.013 -0.027 -2.593 -0.300252 -0.05 2 -2.591 0.019 -0.052 -2.591 -0.418253 -0.147 -2.660 0. 126 -0.141 -2.666 -2.872254 -0.451 -2.660 0.213 -0.431 -2.680 -5.460
255 -0.614 -1.875 0.465 -0.461 -2.028 -18. 196
262 -0.032 -2.590 — 0 * 000 -0.032 -2.590 0.000
263 -0.039 -2.583 0 . 000 -0.039 -2.583 -0.000264 -0.163 -2.561 -0.000 -0.163 -2.561 0.000
265 -0.325 -2.423 0.000 -0.325 -2.423 -0.011266 -0.479 -2.167 0 . 000 -0.479 -2.167 -0.006
273 -0.028 -2.612 -0.014 -0.028 -2.612 0.311
274 -0.05 2 — 2.6 05 -0.019 -0.05 2 - 2.605 0.416
275 -0.149 -2.680 -0.127 -0.142 -2. 686 2.855
276 -0.453 -2*674 -0.213 -0.432 -2.694 5.431








































The maximum stress concentrations in the barrier pillars, 
which occur on their walls, were plotted versus the width of 
the barrier pillars, and they are shown in Figure 4.14.
4.2.2 Discussions
Figure 4.9 illustrates that pillar stresses are reduced 
when the width of the barrier pillar is increased. The 
decrease in the stress concentrations is due mainly to the 
lower extraction ratio. However, when the width ratio of 
the barrier-to-rib-pillar is 8 or more, the reduction of the 
stress concentrations is not significant. Also, the maximum 
stress concentration of the barrier pillar approaches a lower 
limit (Fig. 4.14) when the barrier-to-rib-pillar width-ratio 
is 8 or more.
It can be concluded that barrier pillars wider than 8 
times the rib pillars do not significantly affect the stress 
distributions in the rib pillars.
4.3 Elastic Modulus of Barrier Pillar
Two room-and-piliar models with the same geometry but 
with differences in the elastic moduli of the barrier pillars 
were considered.
4.3.1 Results
Two models having 7 rooms and a barrier-to-rib-pillar 
width-ratio equal to 6 were considered with all other 
variables remaining constant except that the elastic modulus
Barrier-pillar-width to rib—pillar-width ratio
Fig. 4.14 Maximum stress concentration of the barrier pillar 
for various barrier-to-rib-pillar width ratios.
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of the barrier pillar of one model was 15 percent higher 
than the other one. Nodal stresses of these two models are 
given in Tables 4.3 and 4.7. Also plots of principle 
stresses of these models are shown in Figures 4.6 and 4.16.
The vertical stress concentration on the quarter-height 
of the pillars are shown in Figure 4.17.
4►3.2 Discussion
Figure 4.17 shows that a 15 percent increase in the 
elastic modulus of the barrier pillar has the following 
effects on the pillar's stress distribution:
1. Stress concentration in the rib pillar is decreased.
2. Stress concentration in the barrier pillar is 
increased, such that the barrier pillar carries more load 
than those having the same elastic modulus as the rib 
pillars.
3. Maximum stress concentration in the barrier pillar 
is reduced, thus making it less critical; however, this 
maximum stress concentration in the barrier pillar is less 
than the maximum stress concentration in the rib pillars.
4. The reduction of stress concentration in the rib 
pillars adjacent to the barrier pillars is more than in the 
other rib pillars.
Because the maximum amount of change in stresses is 
less than 5 percent, it can be concluded that the difference 











































Nodal Stresses in the Pillars of a Model With NPL=6, KBP=6, EBP=1.15.
NODAL X-STRESS Y-STRESS'' XY-STRESS MAX-STRESS MIN-STHESS DIRECTIOK
1 -0 .7 3 6 -1 .7 8 2 0.000 -0 .736 -1 .782 0 . 000
2 -0 .7 4 1 -1 .7 8 2 —0•005 -0.741 - 1.783 0.295
3 - 0 .7 4 9 -1 .772 -0 .005 -0 .749 -1 .772 0 .303
4 -0 .7 6 3 -1*761 -0 .012 -0 .763 -1.761 0.700
5 -0 .7 4 5 -1 .742 -0 .019 -0 .744 -1 .742 1 .071
12 -0 .7 2 6 -1 .795 -0 .007 -0 .726 -.1.795 0.368
13 -0 .7 2 7 -1 .787 -0 .0 1 2 -0.726 -1 .787 0.654
14 - 0 .7 4 2 -1 .781 -0 .024 -0 .742 - I .781 1 .299
15 -0 .7 5 6 -1 .769 -0 .029 -0.755 -1.761 1 .651
16 - 0 .7 2 8 -1 .748 -0 .034 -0.727 -1 .749 1 .887
23 -0 .6 8 1 -1 .825 -0 .017 -0.681 -1 .826 0.828
24 -0 .6 9 3 -1 .823 -0 .030 -0 .692 -1 .824 1.5 19
25 - 0 .7 1 2 -1 .806 -0 .052 -0 .710 -1 .809 2.700
26 -0 .7 4 4 -1 .785 -0 .071 ' -0 .739 -1 .790 3.869
27 -0 .7 3 7 -1 .757 -0 .075 -0 .732 -1 .762 4. 174
34 -0 .6 0 3 -1 .880 -0 .030 -0 .602 -1 .881 1. 324
35 —0.608 -1 .8 6 7 -0 .054 —0.606 -1 .869 2.438
36 -0 .6 5 8 -1 .848 -0.105 -0 .648 -.1 .857 4 .  988
37 -0.711 -1 .804 -0 .127 -0.696 -.1.819 6.545
38 -0 .711 -1.771 -0 .139 -0 .694 -1 .789 7.349
45 -0 .445 -1 .954 -0 .052 -0 .443 -1 .956 1.976
46 -0 .4 8 2 -1 .937 -0 .094 -0 .476 -1 .944 3.685
47 -0 .546 -1 .914 - 0 .  166 -0 .5  26 -1 .933 6.841
48 -0 .661 -1 .866 -0 .234 -0 .617 -1 .910 10.633
49 -0 .7 5 9 -1 .788 -0 .2 3 2 -0 .710 -1 .838 12.139
56 —0 .  240 -1 .957 -0 .056 -0 .238 -1 .959 1 .852
57 -0 .2 6 6 -1 .988 -0 .123 -0 .258 -1 .9 9 7 4 . 0 68
58 -0 .3 6 8 -1 .975 -8 .244 -0 .332 -2 .0 1 2 8.437
59 -0 .507 -1 .919 -0 .359 -0.421 -2.005 13.465
60 -0 .7 4 4 -1 .853 -0 .406 -0 .612 -1 .986 18.094
67 -0 .1 1 0 -1 .882 -0.055 -0.108 -1 .884 1.76968 -0 .1 3 8 -1 .936 -0 .117 -0 .130 - 1.944 3.780
69 -0 .2 3 9 -2 .148 -0 .310 -3.190 -2 .197 8.991
70 -0 .5  34 -2 .313 -0 .500 -3.403 -2 .444 14.663
71 -1 .019 -1 .849 -8.666 -0 .649 -2 .219 29.044
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Table 4.7 (Cont.)
99 -0 .0 2 0 -2 .220 0.010100 -0 .04 7 -2 .235 0.016101 -0 .127 -2 .279 0.112102 -0 .401 -2.296 0. 189
103 -0 .6 4 4 -1 .6  18 0.407
110 -0 .0 2 8 -2 .272 -0•000
111 -0 .035 -2.267 0 . 000112 -3 .146 -2 .247 -0 .000
113 -0 .293 -2 .127 3. 003
114 -0 .4 9 5 -1 .898 0.002
121 -0 .027 -2 .342 -0 .014122 —0.846 -2.321 -0.016
123 -0 .135 -2.401 -0 .113
124 -0*410 -2.381 -0 .189
125 -0 .626 -1 .689 -0.421
153 -0 .025 -2 .479 0.012
154 -0 .051 -2 .483 0.018
155 -0 .1 4 2 -2 .544 0. I 23
156 -0 .438 -2 .550 0.207









































164 -0 .031 -2 .495 -0 .000 -0 .031
165 -0 .0 3 8 -2 .489 0.000 -0 .038
166 -0 .159 -2 .467 -0 .000 -0 .159
167 -0 .317 -2 .334 0.001 -0.317






175 -0 .028 -2 .534 -0 .014
176 -0.051 -2 .522 -0 .018
177 -0 .146 -2 .600 -0 .123
178 -0 .443 -2 .589 -0 .207











207 -0 .027 -2 .594 0.014
208 -0 .05 3 -2 .592 0.019
209 -0 .148 -2.661 0 . 1 27
210 -0 .454 -2 .66  2 0.214
































0 . 000 
- 0 . 0 0 1  
0 .000 








-0 .419  
- 2.888 




218 -0 .032 -2 .590 —0.000 -0 .032 -2 .590
219 -0 .039 -2 .584 0.000 -0 .039 -2 .584
220 -0 .165 -2 .5 6 2 —0.000 -0.165 -2 .5 6 2221 -0 .328 -2 .423 0.000 -0 .328 -2 .423
222 -0.501 -2 .166 0.000 -0.501 -2 .166
229 -0 .028 -2.611 -0 .014 -0 .028 -2 .611
230 -0 .053 -2 .605 -3 .019 -0 .052 -2 .605
231 -0 .149 -2 .679 -0 .127 -0 .143 -2 .685
232 -0 .456 -2 .674 -0.2.14 -0.435 -2 .694
233 -0 .643 -1 .888 -0 .469 -0,486 -2 .045
0 » 00 0 
- 0,000 
0,000 
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pillars does not significantly change the stress distribu­
tion in either the barrier pillars or rib pillars.
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5. CONCLUSIONS
Conclusions based on the results of the finite-element 
analysis of the models can be divided into two parts:
5.1 Conclusions related to the barrier pillars:
5.1»1. As the number of openings (rooms) between two 
barrier pillars increases to 7 or more, the maximum stress 
concentrations in both the rib and barrier pillars increase 
and reach upper limits, with the higher limit associated with 
the central rib pillar. Thus from a stress point of view an 
infinite number of openings could be used without any addi­
tional increase in stress concentrations; however, for other 
practical reasons (such as safety, ventilation, required ex­
traction ratio, type of operation, etc.) the number of open­
ings between two barrier pillars is usually limited to 
about 10.
5.1.2. As the width of the barrier pillars increases, 
stress concentrations in the barrier pillars and rib pillars 
are reduced. This reduction is not significant when the 
barrier-to-rib pillar width ratio is 8 or more. This implies 
that barrier pillars wider than 8 times rib pillars will 
not reduce stress concentration in either barrier pillars 
or rib pillars, but will decrease the extraction ratio of 
mining operations.
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5.1.3. A higher elastic modulus (15% increase) for 
the barrier pillar, because of fewer fractures and more 
induced horizontal stress, does not significantly change 
the stress distribution in the barrier pillars and rib 
pillars.
2. Conclusions related to the series of openings:
5.2.1. As the number of openings increases, the 
maximum stress concentration on the rib pillars increases 
and reaches an upper limit when the number of openings is
7 or more. This suggests that the stress in the rib pillars 
is: less critical for a smaller number of openings. However, 
the extraction ratio is decreased.
5.2.2. The limit of stress concentration is equal to 
the value calculated by the average pillar stress formula. 
Thus designs based on average pillar stress are safe when 
a proper safety factor is considered.
5.2.3. Maximum and average stress concentrations are 
higher in the central rib pillars than in both the rib pil­
lars close to the barrier pillar and the barrier pillars. 
Thus room-and-pillar design must be based on the strength 
and stress levels in the central rib pillars.
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APPENDIX 1.1 - MODEL Program
C
0 " M O D E L ” P R O GRAM
C
c t h i s  p r o g r a m  g e n e r a t e s  th e  i n p u t  d a t a  o p  t h e  r o o m ** a n p ^ p I LIARS
C MODELS FOR THE ’FINITE* P R O G R A M » I A H M A N Y a R 1974IL̂
C D I M E N S I O N  AND COMMON S T A T E M E N T S
C
D I M E N S I O N  X(75).V<15)
D I M E N S I O N  N P N I 350)> XNPC 3 5 0 ) ,¥KP<350>
D I M E NSION X L D < 3 5 0 ! , T L d (350)
D I M E N S I O N  « p 8 < 7 5 ) » N F I X < 7 5 > ,  SLOPE <75)
D I M E N S I O N  N E L E (560 )» J I < 5 60),J 4 ( 5 6 0 ) , JK ;560 )
D 1 N T NSI0N E ( 5 6 0 ) »XU(560)
C G T ' O N / Q R Q /  X.Y 
CO.lf.ON/NODE/ N P N . X N P . Y N P  
C O M f O N / L O A D /  XLD.YUD 
C 0M 'f0N/ B N D A S Y / N P B ,N F I X .SLOPE 
C O H M O N / L E M E N T /  N E L E .U 1 ,J J .JK 
C O M M O N / L A S T I C / E . X U  
READ 5 1 0 . R M . P L . K B P . N P L  
Read 5 2 0 . n d r . n d p , n d w , n y  
T'n,
0B==~1.
NRM*R M * T
WPLs=PL*T
O R N s NDR
QPN = NOP
N D T s N D R + N O P
L N B P s N O P s K B P /2+1
N X s L N B P + N D R / a * N P L « N 0 T / 2
C
C O R D I NATES OF t h e  VE R T I C A L  LINES!
C
X {x ) =0.
DO 10 I =2»L N 6P 
10 'X<I)=X(li-l)*WPL/OPN 
DO 30 I s L N B p + 1 »NX 
11= I” LNBP 
1 2 * { U « t ) / N D T  
13 = 11-NDT» 12 
IF(I3.GT.NDR) GO TO 20 
X( I ) = X( I ^ D + W R M / d R N  
go To 30 
20 X (1)=xI I'1 ! + WPL/DPN
30 CONTINUE
C





DO 40 Ns*2»NDW + 3 
40 Y < N ) = Y ( N * i > + T / < 2 , * D H N )
DO 50 N » N D W + 4 # N Y 
*N~NDW«*3 
50 Y ( N ) s y < N « 1 ) + T / 2 « # 21
NNP^NX^NY-C <NPL*1)/2* N D W * ( N D R " 1 >  ) 
IF<NPL.N^,NPU/2*2 )g6 TO 110 
N N P e H N P ^ N o H * N D R/2 




N P B P = I N B P # N Y
00 120 L N X « 1>LNBP 
DO 120 L N Y «1?NY 
I s ( L N X - l ) # N Y + L N Y  
NPN<I ) a I 
XNP ( I ) *X ( L'NX )
Y N P ( I > p Y(LNY>
120 CONTINUE
DO 150 L N X s L N b P + 1?NX 
L N S - L N X - L N B p  
N S T s (LNS»1)/N0T 
L S T p L N S - N O T # N S Ti C Q M p N P 8 P * N S T * ( N 0 T * N Y « { N 0 R « l ) * N D W > * ( L S T " l ) * N Y  
I F C L S T . C T . < N o R - 1 > >00 TO 140 
130 DO 135 U N Y p N O W + I i NY 
I s I C O M - L S T * N D W + L N Y  
N P N U  >»I 
X N P U ) s X ( L N X )
Y N P C I )=Y (L N Y )
135 CONTINUE 
GO TO 150 
140 00 150 L,NY = 1,NY
I s l C Q M - { N D R - l ) * N D W + L N Y  
N P N ( I )* I 
X NPCI>«X<LNX)
Y N P ( I > s Y (L N Y )
150 CONTINUE
C LOAD D I S T R I B U T I O N
c
CALI S U S L D l < N N P , N X , N Y , O B )C
C B O U N D A R Y  C O N D I T I O N S
C
N B C s2» N Y + L N B P ’l * N P L X2# (HDP+l)I F <N P L / 2 * 2 •N E •N P L ) GO TO 165 
N B C s N B C - N O W
GO TO 170 
165 N B C = N B C * N D P / 2 + l
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170 CONTINUE 
N P 8 ( 1 > H  
N F I X ( 1)  *9 0 
SLQPEUJsB,
DO 175 1 *2,NY 
N P B ( I ) = I 
N F I  X C I ) s i  17^ StQPEC1 1*1 0 00 .
I p NY
DO 185 N*2#NNP
1F ( YNP( N} * NE.0 ) GO TO 185 
1-1*1 
N P B ( I)=N 
N F I X C I )82 
SLOPE U J  80,
185 CONTINUE
DO 190 N s N N p - N Y »NNP 
I F (XNPC N 5,N£ » X (NX 5 ) GO TO *90 
1 = 1 + 1
I F (YNP < N ). N £ . 0 ) G Q TO 188 
N P B C D s N  
NFI X cI)S0 
S L O P E ( n  =0»
GO TO 190 
188 N P b C D p N 
N F I X C I )81 
S L O P E ( I )*1000,
190 CONTINUE 
C
C E L E MENTS
C
NEP = 2 # < N Y n )NERc 2 # < N Y - N D W ~ l )
N E B P s N E P * ( L N8P -1.)
NELEm*NE8P+nDR*NER/2*NPL#C nPR#nEP*n DP*n£P
c
C . ELEMENTS of the b a r r i e r
c
DO 230 N*i , L N B P - l
I E = ( N ^ l )*NEP + 1 
I J s ( N - l )8NY + l 
NYYpNY
NE=NEP
I F ( N - N / 2 * 2 . E Q . 0 ) G Q  TQ 220
210 CALL T R A N G 1 £ IE > I U .NYY )
GO TO 230 
220 CALL T R A N G 2 < IE.JJ.NYY)
230 CONTINUE
N C L 5 N 0 R / 2 + N P L * N D T / 2  
00 295 L ON n. NCL  
N C M s ( L C N » l ) / N O T
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MCN*LCN-NOT«.NCM
I E ? N E R P * N C M * { N Q R * N E R + N D P # N E P ) + 1  
IJ s (LN b F « 1 ) # NY + N c M * ( N D T ^ N Y - C M o R ^ i ? # N p W ) + l 
IF< n C n . C T . N O R ) G o T o ,2?50
c ele m e n t s  o r  the  rooms* columns  
c
I E « J f c + ( N C N « i > * N E R
I J s | J + N Q W + (N C N ^ l )*(N Y * N D W )
Nr-NER
N Y Y s n Y^NDW
IF(NCN.EQ.NDR) NYYsNY 
! F ( L C N - L C N / 2 * 2 . E Q . 0 ) G Q  TO 260
^50 CAUL T R A N G 1 U E *  I J,NYY)0 0  T O  2 9 5  
£60 CAUL TRANG2< i E > I J ' N Y Y )
GO. TO 295
C
C ELEMENTS o r  THE PILLARS'  co lumns c
2 7  5  I E : ? I E  + N D R # N E R + < N C N ~ { N D R n >  > » N E P
I J s I J + ( N C N ^ l ) # N Y * ( N 0 R " 1 ) *NQW
Ne =Ne P
N Y Y s n Y
I F(LCN-LC N / 2 ^ 2 . E Q » 0 )  go TO 270 
CALL T R A N G K I E .  IJ*NYY>
00 TO 295 







DO 320 J 5 1 » NELEM E(I)«ERF 
320 XU < I )® X U R FW
C ELASTIC CONSTANTS o r  the b a r r i e r  p i l l a r
c
00 330 Usi.NEBP 
UAK.sJK(U)




c ELASTIC CONSTANTS OF THE PILLARSHM
DO 340 J f N E B P + I . N E D E M  
J A K ? J K (J 5
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IF ( Y N P ( J A K ) . G T . Y ( N T P ) > GO TO 340 
E ! J i=EP 
XU (J )sXUP 
340 CONTINUE
WRI TE 4 1 0 , NNP
WRITE 4 8 0 ,  < N p N < L >  . XNp CL . )  , Y N p < U  , X L D a >  * YL. Q<L> . L F l , N N p )  
WRI TE 4 1 0 , NELEM
WRITE 430, (NELE(H) , J I  ( M)  , J J ( h )  , ' J Kt M)  , E ( M )  , X u < M>  i M s j . , N E L E M >  
WRITE 4 1 0 , NBC
WRITE 4 4 0 , ( N P B f N i , N F I X ( N ) ,S L O P E !N ),N = 1 ,N b CI 
C CAUL M S H p L T (N N p , N E L E M 5
410 F O R M A T ! 15)
4g0 F O R M A T ! J 4 . 4 F 1 0 , 4)
430 F O R M A T ! J 4 ,3 1 7 , 2 F 1 0 , 4)
440 F 0 R M A T ( 2 I 6 , F 1 2 . 3 )
510 F O r M A T < 2 F 1 0 , 3,2105 
520 F O R M A T (4110)
530 F O R M A T (6F 1B .3 5 





APPENDIX 1.2 - SUBLDl Program 
SUBROUTINE S U B L D i < N N P p N X , N Y , Q B )
G
THIS PROGRAM ASSIGNS THE D I S T R IBUTED UOAD AT THE UPPERMOST 
N O D A U P O I N T S .  8AHMANYAR 1,974
D I M E N S I O N  X ( 7 5 ) ,Y ( i 5)
D IM E N S I O N  NPN(3^0),XN.P(35®)»YNP<350>
D I M E NSION X L D < 3 5 0 ) * Y L O < 3 5 0 )
C O M M O N / O r D/ x ,y
c o m m o n / n o d e /  n p n , x n p , y n p  
c o h m o n / u o a d /  XID*YUP 
DO 10 Nsl,NNP 
XLO(N)*50,
10 YLD( N) =0 ,
DO 20 M ? N Y + t »NNP-1 
I F ( YNP < M ) . NE # Y ( NY ) ) GO TO -20
I s; I * 1
Y L D C M ) s < x C I + 2 > - X < I > > / 2 , * 0 B
GO TO 20 
20 CONTINUE
Y L 0 ( N Y ) s ( X ( 2 ) - X C i ) ) / 2 . # 0 B
YLD ( NNP ) * ( X ( NX ) t-X < NX-i ) ) /2 . *QB
RETURN
END
“ UTO. C O U . ^ “ “
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APPENDIX 1.3 - TRANG1 Program 
SU B R O U T I N E  T R A N G t U E . f J . N Y Y !
C
C THIS- P R O GRAM G E N ERATES A COLUMN OF THE 'TYPE-1 TR I A N G U L A R  
C ELEMENTS, B a H MANYAR 1974
G
D I M E N S I O N  N £ L E < 5 6 0 ) .J 1 ( 5 60).J J ( 5 6 0 ) .JK(562>
C O M M O N / L E M E N T /  n e l e .j i .j j .u k
DO 50 M s l > N E .4
MC= I J + M K 2
00 50 MQ = 1. 4
I =M+MG+IE-2
N E L E f I )s I
GO T O ( 1 0 , 2 0 , 3 0 , 4 0 ) , MG 10 JIU)sMC
JJ ( I ) =tiC+NY 
J K !I )= M C*1 
GO TO 50 
20 J I U J s M C n
J J ( I ) = M C * N Y  
J K (I )sMC*NY+l 
GO TO 50 
30 j l ( I )=MC*1
JJ <I ) = M C * N Y+1 
JK ( I )=MG*NY+2 
GO TO 50 
40 J I ( J )= M C*1
J J ! I ! = M C + N Y +2 
J K ! I )* M c+2 
Go TO 50 
50 C O N TINUE
RETURN 
END
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APPENDIX 1.4 - TRANG2 Program
S U B R O U T I N E  T R A N G 2 U E  > I J  > NY Y }
C
C THIS P R O GRAM G E N E R A T E S  A COLUMN OF THE T Y P E ,2 T R I A N G U L A R  
C ELEMENTS, R a H M A N Y a R  1974
D I M E N S I O N  N E L E ( 5 6 0 ) » J U 5 6 0 )  , J J < 5 6 2 > » C562 ) 
C O M M O N / L E M E N T /  NELE > J I > JJ > JK
DO 50 N s ̂  , N E * 4 
HC- IJ + M/2 
DO 50 M G s 1 a 4 
I = M + M6+JE-2N E L E ( I ) s I
GO TO(10, 2 0 , 3 0 » 4 0 >  »MG 
10 JI(I)^CJJC 1 ) * M C ̂  N Y 
JKC I ) s M C ^ N Y+1 
GO TO 50 
2 0  J I ( I ) p MCJJ <I)sMG + NY + 1 
UK < I ) + 1 
GO TO 50 
3 0  U I n ) = MC + i
J J ( i ) s H C * N Y + l  
J K C I )sMC+2 
GO TO 50 
40 J I ( J ) ~ M C*2
J J C I )sMC+NY+l 
JKC 1 5 =Mc + NY + 2 




T - % 6 6-9 93
A P P E N D I X  1.5 - M S H P L T  P r o g r a m
S U B R O U T I N E  MSHPUTCNNP iNE)
c this program plots the generated mesh to check the C O R R E C T N E S S  
c or the data. bahhanyar 3,974
c
D I M E N S I O N  T I T L E (6)
D I M E N S I O N  NPN(350> « X N P (350 ) . YNPC3K0)
D I M E N S I O N  N £ L E ( 5 6 0 ) »J I (560 ) , J O < 5 6 0 ) ,JK(S60>
C O M M O N / N O D E /  N p N . X N p . Y N p  
c q m n o n /l e m e n t / N E L E . J I . J J . J K  
READ 5 0 . TITLE 
50 F O R M A T (6A 5)
K=I P L O T !0,)
!F !K .N E .0)STOP ' K . N E .0 '
CALL P L 0 T ! 2 , .2 ..-3)
DO 100 Irl.NE 
J I p s J K I )
XI = X N P (J I P )
Y I s Y N P (J I P )
JJPsJJt J )
X J = X N P (J J P )
YJ=YNP(JJP)
J K P s J K ( I )
XKsXNP(JKP)
Y K s Y N P (J K P )
CALL P L O T (X I ,Y I > 3)
CALL PL0T<X J . Y J , 2 )
CALL PLOT < XK > Y K . 2)
CALL P L O T (X I ,Y 1.2)
X G = ( X I + X j + X K > / 3 ,
YGs( Y I + Y j + Y K ) / 3 ,
CALL N U M B E R ( X G - . 0 2 , Y C - . 0 1 2 . 0 . 0 2 5 . F L O A T ; I ) , 0 . ,-J)
100 CONTINUE
DO 200 Nsi.NNP
200 CALL N U M B E R ! X N P ! N > + 0 , 0 0 6 , Y N P i f O +0.00 6.0 . 0 3 ? , F L Q A T 1 N ) , 0 . ,~1> 
CALL S Y M B O L ! 4 . , - 1 . . , 2 . T I T L E , ® . ,30)





























APPENDIX 2.1 - FINITE Program
" F I N I T E ’’ PROGRAM
f i n i t e  e l e m e n t  s o l u t i o n  TO THE p l a n e  s t r a i n
D I M E N S I O N  AND COMMON S T A T E M E N T S
D I M E N S I O N  N P N U M ( 3 5 0 ) , X Q R O < 3 5 0 ) , Y Q R D ! 3 5 0 > , X L O A D ! 3 5 0 > , Y L O A D < 3 5 0 >  
D I M E N S I O N  N O M E (560) ,NPI (560) , N P j ! 560 ) ,NPK ( 5*0) , ET < 560 > , XU (560) 
D I M E N S I O N  N P B (75)* N FIK C 7 S >»SLOPE(?5>
D I M E N S I O N  D S X C 3 5 0 ) . O S Y ( 3 g 0 ) , N A P ( 3 g 0 )
D I M E N S I O N  L M ( 3 ) , A ( & . 6 ) , B ( 6 , 6 1 , S ( 6 , 6 >
D I M E N S I O N  A J ( 5 6 0 ) , A K ( 5 6 0 ) >BU ( 562 3 ,BK(560)
D I M E N S I O N  N P ( 3 5 0 , 1 0 ) , S X X ( 3 5 0 . 9 ) , S X Y ( 3 5 0 . 9 ) , S Y X ( 3 5 0 , 9 ) .SYY(350,9) 
D I M E N S I O N  S I G X X ( 5 6 0 ) , S I G X Y ( 5 6 0 ) >S!GYY(560)
NUMEL NUMBER OF E L E MENTS 
NUMNP NUMBER OF NODAL POINTS 
NUMBC NUMBER OF RES T R A I N E D  BOUNDARY POINTS 
NCPIN CYCLE INTERVAL FOR THE PRINT OF FORCE IMBALANCE
NOPIN CYCLE INTERVAL FOR THE PRINT OF D I S P L A C E M E N T S  AND STRESSES
NCYCM M A X IMUM NUMBER OF CYCLES THAT P R O GRAM MAY RUN 
TOLER C O N V E R G E N C E  LIMIT FOR UNBA L A N C E D  FORCES 
XFAC OVER R E L A X A T I O N  FACTOR 
E YOUNG MODULUS 
XU POI S S O N S  RATIO 
NPNUM NODE POINT NUMBER 
XQRD XCGQRQI NATE 
YORD YCOORDI NATE 
DSX X - D I S P L A C E M E N T S  
DSY Y - D J S P L A C E M E N T S
READ S T A T E M E N T S
READ 8.NUMNP 
READ 1 0 , ( N P N U M ( M ) , X O R O ! M ) , Y O R D ! M ) , X L O A O < M ) , Y L O A O ( M ) , M s i < N U M N P )  
READ 8.NUMEL
READ 6,!N U M E !N ),N P I !N ),NPj ! N ) ,N P K (N ),E T (N ),X U (N !»N = 1>N U M E L )
READ 8.NUMBC
READ 4 , ( N P B ( L ),N F I X ( L > , S L O P E ( I ) , L = 1'NUMBC)
READ 1. N C P I N , N O P  1N , N C Y C M , T O L E R , X F A C  
WRITE 101, NUMEL
write 102, numnp 
WRITE 103, NUMBC 
WRITE 104. NCPIN 
WRITE 105. NOPIN 
WRITE 106, NCYCM 
WRITE 107, TOLER 




WRITE 6, (NUME(N) ,NPI (N) ,NPJ<N> ,NPK{N) ,ET < k >, X U ! N ) , Nsj,, NUMEL,) 
WRITE 9 9 ,
W R I T E  1  ; 1 X  f
WRITE 1 0 9 * ( N P N U H ( H ) » X O R D ( M ) ,Y O R D ( K ) « X L O A D < M ) , Y U 0 A O ( M ) , 0 S X ( M > .
1D S Y ( M ) > Mgl *N U M N P )
C
Q I N I T I A LIZATION
C
K k | P L O T (i )
IF C K ♦ N£ « 0) STOP 1 K * N E , 0 ’
PALL PLOT <2.>2.'"3)
DO 165 Isl.NUMNP
D $ X -0 *
165 PSYS0,
160 NCYCLE*0
N U M P T s N C P I N  
N U M O P T = N O P I N  0 0  1 7 5  L ? 1 * N U H N P  
DO 170 M s l # 9 
S X X ( L . M ) b 0 , 0  
S X Y C L * M I i0,0 
SYX ( L * M ) s 0 , 0
S Y Y ( L # M ) s 0 » 0  
170 NP ( L * M ) ?= 0
N P< L , 1 0 ) « 0  
175 Np<L,l>*L




A J < N ) = X Q R Q < J ) ~ X Q R Q ( I )
A K ( N ) = X 0 R 0 C K ) - X 0 R D ( i )
B J ( N ) s Y O R D ( J ) - Y O R O ( I )
178 B K ( N ) s Y O R D ( K ) - Y O R O ( I )
r
C F O R M A T I O N  'OF S T I F F N E S S  ARRAY
0 0 0  200 N s l f NUMEL
AREAs-( A0CN)**8KCN>-AK{N)*80(N)
I F (AREAI 7 0 1 * 7 0 1 * 1 8 0
C
0 --FORMATION OF "A" MATRIX0
180 A (i * 1)-B J (N )“BK C N )
A ( 1  *  2 ) - 0  » 0  
A (1 # 3 ) » Q K ( N )
ACt* 4>*?0,0 
A(li5)s»BJ<N)
A (1, 6)s0* 0 
A (2»i>?0,0 
A ( 2 * 2 ) s A K ( N ) - A J ( N )
TH669
A < 2 * 3 > = 0 , 0
A (2 t 4 ) 3 » A K ( N )
.A C2*S>"0,0 
A(2,6)«AJ(N)
A ( 3 * 1 ) seAK(N)«AJ(N)




A (3#6 ) s ^ B J ( N )
C
c f o r m a t i o n  of e l a s t i c  m a t r i x  
c
3,87 C Q M M ^ 0 , 2 5 * £ T ( N ) / (  £ %, *XU < N ) ) * £ i »-2 ,*XU C N ) M A R E A )
B(l»l)s(i.«-XU(N) 5»CQMM 
8 < 1 # 2 ) « X U < N ) * c O M M  
B( l , 3 ) s 0 , 0  
8 < 2 * 1 > = X U < N ) * C 0 M M  
B ( 2#2 )-8(l»i)
B < 2 ̂ 3)=0 * 0 
B< 3 » 1 ) * 0 , 0  
B (3 * 2)=0 , 0
B<3,3)-C0MMtt ( l , - 2 . ^ X U ( N ) 5/2,r
c f o r m a t i o n  o f  e l e m e n t  s t i f f n e s s  
c
188 DO 182 J s i ,6 
DO 182 1=1.3 S { I ,J )=0 , 0 
DO 182 Kssl.3
182 S U , J > = S U , VI)+B<I>K}«A<K,4!
DO 183 J = 1,6
DO 183 1=1,3183 8<j,I>=S(I,J)
DO 184 J s l 16 
DO 184 1=1,6 
S( I , J)=0,0
DO 184 K s l ,3
184 S ( I , J ) = S ( I , J > + B ( I » K ) # A ( K , J )Q
C ADDITION OF ELEMENT S T I F F N E S S  TO S T R UCTURE STI F F N E S S  
C
L M !1)= N P I {N )
LM (2)=NPJ < N )
L M (3)= N F k (N >
DO 200 1=1,3 
DO 200 M s i > 3 
IX=LM(L>
MX = 0
185 M X = M X +1 
I F ( N P ( L X , M X ) - L M ( M > ) 1 9 0 , 1 9 5 , 1 9 0
T-1669 97
190 IF(NPCLX,HX).) i 8 5 » i 9 5 * x 85 
19$ N P ( L X , M X ) s LH(M)
JFCMX-10) 196 » 702 # 702 
196 S X X < L X > M X ) b s X X < I X i M X > * s <2*L.-1*2*M-1> 
5 X Y ( L X , M X ) s S X Y ( L X , M X ) * S ( 2 * L - l * 2 * M )
SYXC'LX»MX j ? S Y X ( L X , M X ? + S <2* t #2^ M "3,)
2 0 0  S Y Y a X f  MX)j?SYY(UX#MX)4S(2«L#2*M) *cC COUNT OF ADJACENT NODAL POINTS
C
DO 206 -Mfii,NUHNP
H X = 1205 MX~MX*i
I F (N P (M # M X )) 206,206,305-
206 NAP(M)aMX-l
cC INVERSION OF NODAL POINT STIFFNESS
C
DO 210 Ms * ,NUMNPC O M M a $ X X ( M , i ) * S Y Y ( M » 1) - S X Y < M i1)*SYX(M,i)
T E M P s S Y Y C M , D / C O M M
S Y Y (M #15 sSXX C M ,1)/qQMM 
S X X ( M i l ) s T E M p  
S X Y ( M » 1 ) b « S X Y ( M i 1 ) / C O M M  
2i0 SYX(M* i) s-SYX(M# 3.)/ COMM
WRITE 99
C
0 M O D I F I C A T I O N  OF BO U N D A R Y  F L E X I B I L I T I E S
C
WRITE 112,
WRITE 4, <NP d <L> *NFIX<L> *Sl.QPE;a> iL s W N U M q O
212 DO 240 U i *  NUMBC 
M-NPB(L)
N P (M f1)s0
I F ( N F I x a > - i >  225»220i215 
215 c B < S X X < M , l > # S L O P E ( L ) ^ S X Y ( M , l ) ) / ( 5 Y X C M , 1 > » $ L Q P £ ( D - S Y Y < M * 1 > ) 
p s1»« C * S L G p F (L )
S X X ( M , l > s ( S X X < M . l ) - C * S Y X ( M , l ))/R 
S X Y ( M , l ) s ( S X Y ( M f l ) - C * 9 Y Y ( M , l ))/R 
S Y X ( M , l ) « S X X ( M # i > • S L O P E  C D  
S Y Y ( M , 1 > 8 S X Y < M , 1 ) * S L 0 P E < L )
GO TO 240
220 S Y Y C M , i ! b S Y Y ( M ,1> "SYX(M» l> *SXY (Mi.i)/SXX<M,1)
GO TO 230 
225 S Y Y (M * 1 ) s0 • 0
230 $ X X < M ,1>»0;0
235 S X Y (M 11)s0 . 0
SYX f M »1)=0 , 0 
240 CONTINUE
c
C ITERATION ON NODAl POINT D I S P L A C E M E N T S
T-1669 98
G
243 WRITE X % 9 t
244 SUM?0.0
PO 290 M s i # N U M N P  
N U M b N A P ( M )
IF('SXX<M,D + SYY(M»1) ) 2 7 8 * 2 9 0 , 2 ? 5  




F R X ~ F R X « $ X X ( M > L 0 S X ( N ) -  $ X Y ( M , L ) *  0 S Y C. N 2 




D S Y ( M ) * D S Y ( M ) + X F A C * Q Y  
J F (N P (M #i ) ) 2 8 5 * 2 9 0 * 2 8 5  
285 SUM = S U M * a 8 S ( D X / 5 X X ( M ,  1) ) * A8S CDY/SYY O l , 1 > )
290 CONTINUE 
C
C CYCLE COUNT AND PRINT CHECK- 
C
N C Y C L E = N C Y C L E + 1  
IFCNCYCPE-NUMPT) 3 0 5 , 3 0 0 , 3 0 0  
300 N U M P T s N U M P T + N C P I N
WRITE 120, N c Y c LE'SUN 
305 IF(SUM-TOLER) 4 0 0 * 4 0 0 * 3 1 0  
310 J F ( N C Y C N « N C Y C I E ) 4 0 0 * 4 0 0 , 3 1 5
3l5 i F < N C Y CLE"NUHOPT) 2 4 4 , 3 2 0 * 3 2 0  
320 N U M O P T s N U H O P T + N O P I N  




WRITE 1 2 2 * ( N P N U M ( M ) » D S X ( M > , D S Y ( M > , M * i , N U M N P >
WRITE 99*
WRITE 123,
DO 425 Nsi , N U M E L  
I 5 N P I ( N )
U - N PJ{N )
K = N P K ( N )
EPX*?<8J ( N ) ^8K(N) )^05X( I )* B K <N ) * D S X C U J - B U (N >* D $ X <K >
E P Y w C A K ( N ) * A J < N >  ) * D S Y U  5-AKCN) **QSY Cw )+AU(N)«DSYCK)GAM*< A K ( N ) - A J C N )  >*DSXS I > <• AK ( N> #D$X (J ) +A*H N.) #DSX <K ) *1 ( B J ( N ) - B K ( N ) > * D S Y ( j >+ B K C N ) * D S Y < J >« B J ( N ) * 0 S Y < K )
C O M M = £ T ( N ) / ( < 1 . * X U ( N ) > * < l , * 2. « X U < M ) *( ^ (N )» B K (N )-a K (N )* B J iN ))) 
X»CQMM*< (1. * XU < N ) )#EPX+XU<N)*EPY)
Y s C O M M * < X U < N ) * E P X * U «  -XUCN) )#EPY>
X Y b C 0 M M » G a M * ( 1.**2.#XU(N> )«0.5 
S I G X X (N ) sX
T-1669 99
S I G Y Y ( N) » Y
SiGXY(N)fiXY
C? ( X + Y ) / 2 , 0
RESORT ( ( <Y ~ X ) / 2 . 0 > * * 2 * X Y * * 2 )
x m a x ? c + r
XMlN = O R
PA*?0*5*57.29578^ATaN<2,'»XY/(Y-X) ) 
IF(2.*X-XMA“X-XMIN) 4 0 5 , 4 2 0 , 4 2 0  
40^ Ip-(FA) 4 1 0 , 4 2 0 , 4 1 5  
410 P A - PA+90 *
GO TO 420 
4i5 PA = P A - 9 0 g
420 WRITE i 2 4 . N U M E ( N ) , X , Y , XY, XMAX, XMIN, PA 
4 2 5 CONTINUE
C










R = 0 *
DO 860 Nsi ,NUMEL 
I = N P I(N)
J b NPJ(N)
KsNPK(N)
IF ( M -  I ) 8 3 0 , 6 5 0 * 8 3 0  
830 IP < ) 8 3 5 , 8 4 5 , 8 3 5
835 I F ( Mr-K ) 8 6 0 , 8 4 0 * 8 6 0
840 I = NPK < N)
K » N P I ( N )
GO TO 850 
845 JaNPJ(N) 
vJsNPl <N)
850 A RsABS(XORD( J)+XORD(K)-2',*XOR0<I ) )
B R s A B S t Y Q R D C J > + Y 0 R D ( K ) ~ 2 , * Y Q R D U j )
RY=BR/(AR+BR)
SRYsSRY+RY 
YsY + SlGYY(N)«.RY 
R X«AR/(AR+BR)
$ R X * S R X + R X  
XpX^S I GXX C N)#RX 
RbR+1.
X Y * X Y + SIGXY<N>
























C = ( X + Y ) / 2 .
R = SQRT( < ( Y’- X ) /2 * )##g+XY**2>
x m a x^ c* r
x m i n =c - r
PA50,  5 * 5 7 . 2 9 5 7 8 * A T a N < 2 . #XY/ (Y- 'X)  ) 
JF<2,*X-*XMAX'-XMIN) 805, -8201820
I p (P A)  8 1 0 , 8 2 0 , 8 1 5  
PA=PA+90,
GO TO 820 
PA = F A ^ 9 0,
CALL PSPLTiCXORD(M) #YQRD<M> , XMAX ,.XM I N , PA > 
WRITE 124,  M,X,Y,XY*XMAX,.XMIN,PA
CONTINUE
I F ( S U m- T oe£R5 4 4 0 , 4 4 0 , 4 3 0  
IF(NCYCM»NCYCLE)440#440,243
PRINT OF ERRORS IN DATA
NWRITE 7 n  
GO TO 440 
WRITE 712, IX 
GO TO 440



























I4 , F 1 2 , 2 , 3 X , F 1 2 . 2 , 3 X ,2 16, F12 . 3)14,317)
14 » 3 1 7 > 2 F 1 0 ,4)
15 )1 4 , 4 7 1 0 .2)
1 H 1 )
29H NUMBER OF E L E M E N T S  
29H NUMBER OF NODAL POINTS 
29H NUMBER OF BO U N D A R Y  POINTS 
29H CYCLE PRINT INT-ERVAU 
29H OUTPUT INTERVAL OF RESULTS s . 14/)
29H CYCLE LIMIT s . 14/)
29H T O L E RANCE LIMIT =.£12.4/)
29H OVER R E L A X A T I O N  FACTOR =,Fg.3)I 8 , 3 X . 2 f 1 0 . 3 * 3 X , 2 f 1 0 . 3 , 3 X , 2 f 10,3)
/ / , ’ ELEM I J K £
I NP X-ORO Y-=ORD
X-DISP Y-DISP')
2 4 H BO U N D A R Y  CONDITIONS)
(/>' CYCLE FORCE UNBALANCE')
112,£20.6)' N O D A L - P O I N T  X - O I S F L A C E M E N T
I 8 , 1 0 X , E 1 5 , 6 . 6 X , E i 5,6)
P O I SSON ' 
XLOAD Y L O a D
y - d i s p l a c e m e n t
T-1669 101
1?3 F O R M A T (' e l e m e n t  X-STRESS Y - S TRESS1 X Y - S TRESS H A X - S T R E S S  m I N - S T R E S S  DIRE
gCTI O N ’)
124 F O R M A T C 1 I 1 0 , 3 F 2 0 , 4 , 5 X , 3 F 1 5 . 2 )126 F O r M A t < 1 U 0 . 3 E 2 0 , 4 >
711 F O R M A T (32H 0 Z E R O  OR NE G A T I V E  AREA. EL. N O , s . 14)
7 is F O R M A T (33H0QVER 8 N,P. ADJACENT TO N,P, NC.,114!
823 F O R M A T (' N-PQINT X-STRESS Y-STRESS
1 X Y - STRESS M A X - S T R e SS M I N - S T R e SS p i R E c T i°N
2' >
440 ; CALL P L O T ( 0 , .0,.999)
S t OP
END
T «16 6 9 102
APPENDIX 2.2 - PSPLT1 Program
SUBROUTINE PSPlT;j,<X,Y,SX,SY,A)0
C T H I S  P R O G R A M  P L O T S  P R I N C I P L E  S T R E S S E S  (SX.SY)C D E V I A T I O N  or THE M A J O R  P R I N C I P L E  S T R E S S  <SX)




R= X + s X »CQsO!A!
S=Y-SX#SI N O (A )
P= X « S X « C Q S D ( A )
Q=Y+SX*SI NO < A )
I F ! S X ) 3,0,30 ,20 
3,0 CALL A R Q H D C R , S , X , Y , 0 , 05-0.04,36)C A L L  A R 0 H D ! P , 0 , X , y , 0 , 0 5 . 0 . 0 4 . 1 6 )GO TO 3020 C A L L  A R Q H D ( R , S , P . Q , 0 , 0 5 , 0 . 0 4 , 2 6 )
30 R = X + S Y «SIND(A>
s =y *s y »c q s d <a >P=iX'-sT*tSlMQ(A)
S = Y « S Y »COSD(A)IF < S Y )4 0 , 60,50 
40 CALL A R O H D ( R , S , X , Y , 0 , 05.0.04,16)
CALL a r 0 H D ( P . O . X , Y , 0 , 05,0.04,16)
GO TO 60
50 CALL A R Q M D ( R , S , P , Q , 0 , 0 5 , 0 . 0 4 , 2 6 >
60 RETURN
END
T THE POINT{X, Y),
measuredB A H M A N Y A R  1974
